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A bstract
Membrane system economics can be significantly affected by process modeling and 
design. Available spiral-wound permeator models are difficult to use for process 
design because of their mathematical complexity and high computational demands. 
Existing sequential design methods yield suboptimal flowsheets when multiple per­
meation stages are required. In this dissertation, more effective modeling and design 
techniques for spiral-wound systems separating binary and multicomponent gas mix­
tures are developed.
An approximate modeling approach based on the assumption that the residue 
flow rate is constant in the direction of bulk permeate flow is proposed. This as­
sumption allows a significant simplification of basic transport models which are 
derived from material balances and permeation relations. The approach reduces the 
solution of mixed-boundary nonlinear differential equations to a more computation­
ally tractable problem involving a small number of nonlinear algebraic equations. 
Approximate models for both binary and multicomponent mixtures are developed. 
Case studies for separating CO2 from natural gas mixtures show that the approx­
imate models yield accurate predictions over a wide range of operating conditions 
with considerably less computing time than the basic transport models. An estima­
tion technique for determining uncertain/unknown model parameters from experi­
mental data also is proposed.
xiv
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A  nonlinear program m ing (N L P) design technique is proposed for optimizing op­
erating conditions and analyzing parameter sensitivities for prespecified permeator 
configurations. The N LP method is extended to develop a mixed-integer nonlinear 
program m ing (M IN LP) strategy which utilizes a permeator system superstructure to 
simultaneously optimize the permeator configuration and operating conditions which 
m inim ize the total process cost. Case studies for CO2 /CH4 separations in natural 
gas treatment and enhanced oil recovery demonstrate that the design methodologies 
are sufficiently robust to handle gas separations with very demanding requirements. 
Optimal designs are derived for different number of separation stages for both con­
tinuous and discrete membrane areas. The proposed approach provides an efficient 
tool for preliminary design of multi-stage membrane systems for binary and multi- 
component gas separations.
xv




In recent years, gas separation membranes have emerged as viable alternatives to 
more mature technologies such as absorption and cryogenic distillation. The emer­
gence of gas separation membranes is primarily due to three critical developments: 
(*) synthesis of high performance polymer membrane materials [47]; (n) large scale 
production techniques for high flux asymmetric membranes [79]; and (iii) fabrica­
tion techniques for high surface area membrane permeators [46]. One of the most 
important applications of membrane technology is the use of spiral-wound perme­
ators to upgrade natural gas mixtures encountered in natural gas treatment and 
enhanced oil recovery. In these applications, the success of membrane technology 
stems from its inherent advantages of low capital cost, operational simplicity, space 
and weight efficiency, easy scalability, and (in some cases) low power consumption. 
As noted by Spillman [71], the economic viability of membrane separation processes 
depends critically on process design.
Improved operation of spiral-wound membrane systems requires the derivation 
of efficient permeator models which can be used to investigate separation perfor­
mance and develop systematic design methodologies. However, available models for
1
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spiral-wound permeators are based on basic transport equations which are derived 
directly from material balances and permeation relations assuming cross-flow pat­
terns for bulk flow and local permeation [57]. Basic transport models, which consist 
of a set of nonlinear algebraic-differential-integral equations with mixed boundary 
conditions, are difficult to use for process design purposes because of their math­
ematical complexity and high computational demands. The lack of appropriate 
permeator models is a major obstruction to effective simulation and design of mem­
brane processes. An alternative approach is to develop approximation techniques to 
simplify the basic transport models. Such approximate models, consisting of a set 
of nonlinear algebraic equations, can be solved much more efficiently and effectively 
used for process design.
Membrane economics can be significantly affected by the design of the processes. 
Single-stage systems have low capital costs, but they are appropriate only for mod­
erate product purity and recovery requirements. Multiple separation stages and re­
cycle are required for more demanding applications. Currently, multiple-stage mem­
brane systems are designed via a sequential procedure in which the permeator config­
uration is chosen and the operating conditions are then determined [9, 10, 51, 63, 71]. 
Sequential design procedures are inefficient because it usually is infeasible to enu­
merate and evaluate all possible network configurations. As a result, existing design 
techniques often yield suboptimal flowsheets.
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During the last decade, a wide variety of process design and synthesis problems 
have been solved by mathematical programming [30, 34, 35]. This approach utilizes 
rigorous optimization methods to systematically determine the process configura­
tion and operating conditions. A popular approach is to postulate a superstructure 
which embeds many process configurations, each of which is a candidate for the op­
timal process flowsheet [28]. The superstructure is mathematically described by a 
model which contains both continuous and integer variables that represent operating 
conditions, as well as processing units and their interconnections. The mixed-integer 
nonlinear programming (MINLP) model is posed as a set of constraints in an op­
timization problem in which the total annual process cost usually is the objective 
function. MINLP techniques have been proposed for the synthesis of heat exchanger 
networks, distillation column sequences, reactor networks, and mass-exchange net­
works [28, 30, 34, 35].
The purpose of this research is to develop more effective modeling and design 
techniques for gas separation systems comprised of spiral-wound permeators. As a 
first step, approximate permeator models separating binary and multicomponent gas 
mixtures are derived directly from basic transport models. By using the approximate 
models, different permeator configurations are optimized via nonlinear programming  
(NLP) to get a better understanding of process performance. Finally, systematic 
design strategies based on MINLP are developed to allow simultaneous optimization
R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
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of the system configuration and operating conditions. The research focuses on the 
following tasks:
1 . Derivation of approximate permeator models which can be effectively used for 
the design of binary and multicomponent gas systems.
2 . Optimization of different permeator configurations using nonlinear program­
ming techniques.
3. Development of permeator system superstructures which efficiently represent 
a large number of potential permeator configurations.
4. Development of MINLP synthesis strategies to minimize the total annual cost 
of the membrane system.
5. Evaluation of the modeling and design techniques via case studies of methane 
purification in natural gas treatment and enhanced oil recovery.
1.2 Spiral-Wound Gas Permeators
The spiral-wound permeator is a common type of membrane module used in indus­
try. Figures 1 .1  and 1 .2  depict a spiral-wound membrane element and its holding 
vessel, respectively [19, 55]. The membrane element consists of alternate layers of 
a feed gas channel, membrane sheet, and permeate gets channel. Spacing material 
is placed between two flat membrane sheets. Three edges of the two flat membrane 
sheets are sealed together and the open edge is sealed to a perforated collection tube.
R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
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Figure 1 .1 : Spiral-wound membrane element [19]
A separator grid is placed on the top of the the resulting membrane leaf. Finally, the 
assembly is rolled around the collection tube and placed inside the cylindrical steel 
vessel, resulting in a very large separation area per unit volume (~3000 m2/m 3) as 
compared to a simple plate-and-frame configuration (~300 m2/m 3). As a means of 
incorporating more area without requiring an excessively long permeate flow path, 
multi-leaf assemblies can be used [46]. A pressurized feed stream is introduced on 
the outer surface of the membrane leaf. The more permeable components prefer­
entially diffuse across the membrane and flow inside the permeate channel toward 
the collection tube as the low pressure permeate stream. The residue gas, which is 
enriched in the less permeable components, continues to flow within the feed channel 
along the outer surface of the leaf and exits at a high pressure.








Figure 1.2: Spiral-wound membrane permeator
1.3 Carbon Dioxide/M ethane Separations
Membrane processes are widely used in gas separations such as hydrogen recovery, 
air separation, and natural gas processing [45, 71, 79]. Spiral-wound permeators have 
been successfully used to separate carbon dioxide/methane mixtures encountered in 
natural gas treatment [19, 67, 6 8 ], and enhanced oil recovery [13, 21, 55].
In natural gas treatment, the feed gas is usually obtained directly from gas wells. 
The crude natural gas is a mixture of several components such as carbon dioxide 
(C 02), hydrogen sulfate (H2S), nitrogen (N2), methane (CH4 ), ethane (C2H6), and 
heavier hydrocarbons (C2 H). The major components are C 0 2 and CH4 , while con­
centrations of the other components are normally small. For production of fuel-grade 
natural gas, acid gases (C 02 and H2S) need to be removed since they are corrosive 
and/or incombustible. A typical CHt-enriched pipeline fuel contains less them 2% 
C 02. Because the feed gas may be obtained from different gas wells, a wide range 
of pressures (2-7 MPa) and compositions (5-50% C02) can be observed. The most
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common process for removing CO2 and other acid impurities is amine absorption 
[44]. However, this process is very large and complex, necessitates a central pro­
cessing plant for many small gas wells, and requires continuous supervision and 
maintenance. Membrane processes eliminate these problems, and offer lower capital 
investment in many situations. The CHi-enriched residue stream is produced with 
essentially no pressure loss, while the CCVenriched permeate is produced at low 
pressure (0.1-0.5 MPa) with appreciable amounts of CH4 . The permeate stream  
has low value and can be used as a low BTU fuel or simply burned.
Enhanced oil recovery is similar to natural gas treatment in that crude gas 
mixtures are processed. The major difference is that in enhanced oil recovery both 
the permeate and residue streams have considerable value. The residue stream is 
used as a fuel, while the permeate stream (>  95% CO2 ) is compressed and reinjected 
into the gas well. As a result, the separations are more demanding than those 
encountered in natural gas treatment. Membrane systems are successful in this 
application because of their effectiveness at high CO2 compositions and convenience 
in field use. To satisfy the requirements for both residue and permeate streams, 
multi-stage membrane processes usually are necessary.
Spiral-wound permeators for CO2/CH4 separations are marketed by several man­
ufacturers, including Air Products, Dow, Hoechst-Celanese, Praxair, and Grace 
Membrane Systems [45, 71, 79]. It is important to note that established gas separa­
tion techniques are still used widely in these applications. As a result, spiral-wound
R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
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membrane systems must compete with more mature technologies on the basis of 
overall process economics [71, 79].
1.4 Spiral-Wound Permeator Modeling
A wide variety of permeator models have been proposed for both binary and mul­
ticomponent gas separations [49]. For the most part, available models differ with 
respect to assumptions concerning the flow pattern and the permeate-side pres­
sure drop. Models based on the assumption of complete mixing on both sides of 
the membrane consist of simple nonlinear algebraic equations [76]. However, such 
models are not sufficiently accurate for process design since complete mixing is 
rarely achieved in practice. Models based on plug-flow and cross-flow patterns are 
comprised of nonlinear ordinary differential equations that typically yield mixed 
boundary value problems [18, 58]. While such models offer improved accuracy as 
compared to complete m ixing models, they are likely to result in prohibitive compu­
tational requirements when utilized for process design. For asymmetric membranes, 
Pan [57] proposes that permeation occurs via a cross-flow pattern regardless of the 
flow direction of the bulk permeate stream. By using the local permeate composition 
rather than the bulk composition to characterize permeation, binary transport mod­
els for hollow-fiber and spiral-wound permeators accounting for permeate-side pres­
sure drop are derived [57]. Pan [58] also formulates a multicomponent hollow-fiber 
model that includes pressure drop inside the fiber. A multicomponent spiral-wound 
model without permeate-side pressure drop is proposed by Pan and Habgood [59].
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Surprisingly we have not found multicomponent transport models of spiral-wound 
gas permeators which include permeate-side pressure variations.
Basic transport models with permeate-side pressure drop consist of nonlinear 
ordinary differential equations with mixed boundary conditions. These models can 
be solved with a trial-and-error shooting method that requires an initial guess of the 
permeate-side pressure distribution [57, 58]. The differential equations are solved 
to generate the outlet permeate concentration, as well as a new pressure distribu­
tion. The procedure is continued until the permeate concentration converges to the 
desired accuracy. This solution technique usually yields accurate results, but it is 
computationally expensive. As a result, this solution procedure is difficult to use 
for process design.
An alternative approach is to develop approximate permeator models that of­
fer a more reasonable compromise between prediction accuracy and computational 
efficiency. A commonly used method for hollow-fiber membrane is to approximate 
the variable driving force with its arithmetic average [17], logarithmic average [62] 
or a quadratic function of membrane area [50]. These approximations yield non­
linear algebraic equation models that can be solved very efficiently. However, they 
are valid only when variations in the feed-side and permeate-side concentrations 
are small. Moreover, it is difficult to use this method for the cross-flow pattern in 
spiral-wound permeators. Another method assumes a linear relationship between 
the permeate-side and feed-side compositions along the hollow-fiber [50] or in small
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segments of the fiber [48]. This method suffers from the same limitation concern­
ing small variations in the feed-side and permeate-side concentrations. As these 
variations increase, the inherently nonlinear relation between the permeate-side and 
feed-side compositions necessitates the use of a large number of segments (e.g. 40), 
which significantly reduces the efficiency of the method. Recently, orthogonal col­
location [39] and finite element [74] methodologies have been proposed for solving 
hollow-fiber permeator module. Nevertheless, an effective approximation technique 
for spiral-wound permeators is needed.
1.5 Membrane System Design
The economic viability of membrane systems can be significantly affected by process 
design. The design of a membrane separation process involves the determination of: 
(i) the configuration of the permeator network; and (ii) the operating conditions 
of the individual permeators. As shown in Figure 1.3, a wide variety of permeator 
configurations have been proposed for CO2/CH4 separations. Single-stage systems 
(Figure 1.3a-b) are appropriate for applications in which product purity and re­
covery requirements are modest [21, 32, 6 8 ]. On the other hand, multiple stages 
with/without recycle (Figure 1.3c-g) typically are required for more demanding 
separations [19, 55, 65, 71]. It is important to note that an individual separation 
stage may actually consist of several permeators arranged in parallel since commer­
cial permeators are designed for a specific range of flow rates.
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Figure 1.3: Some proposed permeator configurations for CO2/CH4 separations, 
(a) single stage; (b) single stage with recycle; (c) two stage; (d) two stage 
with permeate recycle; (e) two stage with residue recycle; (f) three stage with 
residue recycle; (g) three stage with permeate and residue recycle.
Membrane systems currently are designed via a sequential procedure in which 
the permeator configuration is chosen by process heuristics and the operating condi­
tions are determined using some type of optimization procedure. Many investigators 
have used this method to design multi-stage gas permeation systems [2, 3, 4, 5, 7, 
8 , 9, 1 0 , 18, 32, 63, 71, 72, 77]. Spillman et al. [72] design membrane systems to
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separate CO2 /CH4 mixtures encountered in natural gas treatment and enhanced oil 
recovery. Several permeator configurations are optimized for a particular feed com­
position. Babcock et al. [5] evaluate the economics of single-stage and three-stage 
membrane systems for natural gas treatment by providing comparisons with amine 
treatment processes. Bhide and Stem present detailed case studies of membrane 
separation systems for natural gas treatment [9, 10] and oxygen enrichment of air 
[7, 8 ]. A grid search method is used to optimize operating conditions for several 
different configurations. Agrawal and Xu [2, 3, 4, 77] develop a stepwise procedure 
for synthesis of membrane cascades using a limited number of recycle compressors. 
This approach is based on a master cascade which contains a large number of possi­
ble permeation stages and a specified number of recycle compressors. Substructure 
cascades are generated by eliminating unwanted recycle compressors and membrane 
stages using heuristic process analysis. A systematic method for optimizing the 
membrane cascades and their operating conditions is not presented.
Existing design techniques have several shortcomings including:
1. The determination of the permeator configuration and operating conditions 
are considered separately [71].
2. The selection of the permeator configuration is based on process heuristics 
rather than systematic procedures [45].
3. Design procedures are inefficient because it usually is infeasible to enumerate 
and evaluate all possible network configurations [46, 71].
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4. Design programs which optimize operating conditions usually are proprietary 
and not available to the general engineering community [45, 72].
As a result, current design techniques are likely to yield suboptimal flowsheets for 
membrane processes which require multiple separation stages.
1.6 Process Synthesis and Optimization
Over the last three decades, process synthesis has been one of the most important 
research areas in chemical process design [28, 30, 35, 37]. The primary objective of 
process synthesis is to systematically develop process flowsheets that transform the 
available raw materials into desired products and which meet the specified perfor­
mance criteria of: (i) maximum profit or minim um  cost; (ii) energy efficiency; and 
(to) good operability with respect to flexibility, controllability, reliability, safety, and 
environmental restrictions. Recently there has been a pronounced increase in the 
application of mixed-integer programming to process synthesis problems. Reliable 
and efficient optimization tools are now available, which make it possible to solve 
large and complex mixed-integer nonlinear programming (MINLP) problems.
These optimization-based designs involve both continuous and binary variables. 
The continuous variables represent flow rates, temperatures, pressures, and unit 
sizes, while the binary variables represent the configuration of process units. The 
models describing the process units are usually nonlinear. As a result, the process
R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
14
synthesis problem can be classified as a MINLP problem. The MINLP optimization 
approach to process synthesis consists of three main steps [28]:
1 . R epresentation o f alternatives in  a superstructure
A superstructure is postulated in which all process alternative structures 
of interest are embedded and hence are candidates for the optimal process 
flowsheet. The superstructure features a number of different units and their 
interconnections.
2. M athem atical m odeling o f superstructure
The superstructure is modeled as the following general formulation:
min : f (X ,  Z)
s.t. : h{X, Z)  =  0
g ( x , Z ) <  o ( i . i )
X  6  Rn
z  € {0, I }1
where: A  is a vector of n continuous variables that represent flow rates, tem­
peratures, pressures, compositions of the process streams, and the sizes of the
process units; Z  is a vector of I binary variables that denote the potential 
existence (i.e. Z, =  1 ) or not (i.e. Zi =  0 ) of different process units in the op­
timal process flowsheet; f(X, Z) is an objective function which represents the 
performance criterion; h(X,Z)  are m  equality constraints that denote total
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mass and component balances, energy balances, equilibrium relations which 
constitute the process constraints; g{X, Z)  are p  inequality constraints which 
correspond to design specifications, restrictions, feasibility constraints, and 
logical constraints. In many cases, the binary variables appear linearly, so the 
nonlinearity occurs only with respect to the continuous variables.
3. A lgorithm ic developm ent
The MINLP optimization model is solved using various algorithms includ­
ing generalized benders decomposition [33, 60], branch and bound [6 , 14], 
outer approximation and its variants [24, 27, 42, 75], feasibility approach [54], 
and generalized cross decomposition [38]. Significant progress in the develop­
ment of MINLP algorithms, as well as extensive computer implementations, 
have been made during the last decade. As a result, there now exist auto­
mated implementations of MINLP algorithms such as DICOPT++ (Discrete 
and Continuous OPTimization) developed by Viswanathan and Grossmann 
[75] and APROS (Automatic PROcess Synthesizer) developed by Paules and 
Floudas [60]. These codes make use of the General Algebraic Modeling Sys­
tems (GAMS) as a modeling tool. GAMS allows problems to be specified 
in algebraic form and solved with various linear, nonlinear and mixed-integer 
solvers. While the solvers have provisions to handle nonconvexities, they do 
not guarantee converging the global optimum. This is a possible lim itation 
as separation systems typically yield nonconvex MINLP problems due to the
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presence of splitters and mixers [29]. In the past decade, a number of optimiza­
tion techniques which ensure global solution of certain classes of nonconvex 
MINLP problems also have been proposed [1, 30]. These global solution tech­
niques are not investigated in this thesis.
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Chapter 2 
Spiral-W ound Perm eator M odeling 
for Binary Gas Separations
2.1 Introduction
In this chapter, we propose an approximate modeling technique for spiral-wound 
permeators separating binary gas mixtures. The model is based on the assumption 
that the residue flow rate does not vary in the direction of permeate flow. By apply­
ing this assumption to a standard fundamental model [57], the original boundary 
value problem is reduced to a much simpler set of nonlinear algebraic equations. 
Because the resulting model may contain several unknown parameters, a simple 
and efficient strategy for estimating model parameters from experimental data is 
developed. The accuracy of the approximate model is evaluated by comparing the 
predictions with those obtained from the fundamental model for a wide range of 
CO 2/CH 4 separations.
2.2 Fundamental Model
First we present the fundamental model of a spiral-wound gas permeator proposed by 
Pan [57]. The model development is based on Figure 2.1, which depicts permeation 
through an extended membrane leaf of a spiral-wound permeator. The notation 
is defined in Appendix A.2. The leaf is comprised of two asymmetric membranes
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Figure 2 .1 : Binary gas permeation through a spiral-wound membrane.
separated by a spacing material. Three edges of the leaf are sealed and the open 
edge is attached to a perforated tube. The feed stream is introduced on the outside 
of the leaf, and gas permeates through both of the membranes into the spacing 
material. The permeate stream flows toward the open edge at a 90 degree angle to 
the feed stream. The feed gas that does not permeate is collected as the residue 
stream. A large surface area per volume is obtained by placing a feed spacer on top 
of the leaf and rolling the membrane “sandwich” around the collection tube.
The fundamental model is based on the following assumptions [57]:
1 . The feed stream contains a binary gas mixture.
2. Bulk flow and local permeation are described by a cross-flow pattern.
3. There is no pressure drop on the feed side.
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4. The pressure drop on the permeate side is described by Darcy’s law [12].
5. Membrane permeabilities are independent of pressure and concentration.
6 . The porous supporting layer offers negligible resistance to gas flow.
7. There is no mixing in the porous support.
8 . The permeate pressure varies only in the direction of permeate flow.
Several of these assumption can be relaxed if necessary [18, 49, 56, 69].
The fundamental model is comprised of three ordinary differential equations, two 
nonlinear algebraic equations, and one nonlinear integral equation. The differential 
equations describe the dependence of the dimensionless permeate pressure 7 (h), 
dimensionless permeate flow 8(h), and bulk permeate concentration y(h) on the 
dimensionless leaf length variable h,
where <f>r(h) is the dimensionless residue flow rate which is defined as <t>T(h) =  






W d m B P 2
(2.4)
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The differential equations are subject to mixed boundary conditions,
0(0) =  0(OMO) =  O (2.5)
7 (1) =  70 (2.6)
where 7 0  is the ratio of the permeate and feed pressures at the permeate outlet.
The first nonlinear algebraic equation describes the relation between the local 
feed-side concentration x(h, s) and the local permeate concentration on the mem­
brane surface y*(h, s),
y1 a ( x -  72/0
1 -  y' 1 -  x — 7 ( 1  -  y')
where a  is the membrane selectivity and s is the dimensionless leaf width variable.
The second algebraic equation describes the effect of the local permeate concentra­
tion on the dimensionless feed-side flow rate s),
where y'f(h) is the local permeate concentration on the membrane surface at the
feed inlet and:
,7fa —1) +  1 ,2 .
_  7 ( 0  -  1 ) -  a
( o - l ) ( l - 7)
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The nonlinear integral equation describes the relation between the dimensionless 
permeation factor,
and the local permeate concentration:
R  =  q~(1 -  7 ) { “  ~  (a  ~  l ŷ 'f 1)̂ r]<̂ r -  (a  -  1) 07(2 /V i/'j (2-11)
Note that the integration is performed at constant pressure.
For fixed operating pressures, the model can be solved if two flow rates and/or 
concentrations are specified. The standard case involves the calculation of the per­
meate flow rate and concentration for given feed conditions. The bulk residue flow 
rate and concentration then can be determined by material balances around the 
permeator. The fundamental model is difficult to solve as a result of the nonlin­
ear differential-algebraic-integral equations and mixed boundary conditions. For 
the standard calculation problem, Pan [57] proposes an iterative solution technique 
based on the shooting method. However, this method is computationally expensive 
and therefore is not well suited for process design applications.
2.3 Approximate Model
We propose an approximate modeling technique for spiral-wound gas permeators 
based on the fundamental model of Pan [57]. The key assumption is that the 
residue flow rate is constant in the direction of permeate flow, which implies that
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the permeate flow rate varies linearly along the direction of permeate flow. We show 
that this condition is satisfied approximately by the fundamental model under most 
operating conditions. The assumption is used to reduce the original boundary value 
problem to a small number of nonlinear algebraic equations that can be solved much 
more efficiently. In Appendix A .l, the approximate m odeling technique is compared 
to the one-point collocation method. Finally, a nonlinear program m ing method for 
estimating unknown parameters of the approximate model from experimental data 
is presented.
2.3.1 M odel Development
Figure 2.2 shows predictions from the fundamental model for several feed concentra­
tions and permeation factors. For each case, the dimensionless permeate flow rate 9 
and dimensionless residue flow rate 0 r are plotted as a function of the dimensionless 
leaf length variable h. Note that <f>r exhibits a very weak dependence on h, while 
9 essentially is a linear function of h. This trend is observed for a wide range of 
operating conditions. Motivated by this result, we assume that the residue flow rate 
0i> is independent of h. This assumption means that <j>r does not vary along the 
direction of permeate flow, but it does not preclude <f> variations in the direction of 
feed flow (see Figure 2.1). Under this condition, the differential equation (2.2) with 
boundary condition (2.5) is easily integrated:
9 =  (1  -  <f>r) h (2.12)
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Figure 2.2: Variations of the residue and permeate flow rates along the 
membrane length for the fundamental model.
Note that 6 is a linear function of h, as expected. Substitution of (2.12) into (2.1) 
and integration with the boundary condition (2 .6 ) yields:
72 =  7? +  \c  (1 -  «  (1 -  A2) (2.13)
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Note that we allow <f>r to vary with h in the subsequent development. Thus, the 
assumption is invoked primarily to derive the approximate pressure distribution 
function (2.13).
The integral in (2.11) is evaluated as follows. We define the function in (2.8) as: 
It follows that:
*r =  * (7 ,j0  (2-15)
The integral is represented as,
I { l , y ' r ) =  { *  M ) d y '  (2 .16)
where <f>y(y') denotes that the integration is performed at constant pressure, and
^7 (2//) =  I- The integral is approximated using Gaussian quadrature [6 6 ]. The
change of variable,
t f r -V f
yields the expression,
J(7, y'r) =  (y'r -  y'f) f Q -  (y'r -  y)) 5 Z (2 .1.8 )
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where N  is the number of quadrature points, and Wj are the quadrature points 
and weights, respectively, and yj- =  y / +  fj(y£ -  ?//)• Thus, the integral equation 
(2 .1 1 ) can be represented as:
R  =  a ( i - T) l )v'f - [ « - ( « -  W 7 ,  y'r) -  (a -  1 ) I { l ,  Vr)} (2-19)
Simultaneous solution of (2.13), (2.15), (2.19), and (2.7) solved for yf with x  =  x j  [57] 
at each quadrature point yields 7 (ft*), <f>r(hi), ylr(hi), and y}(ht). Here hi represents 
the value of h at the i-th quadrature point.
The nonlinear algebraic equation (2.7) can be rearranged as:
x =  1 +  — l l i l — y^Ly' (2 20)
*  +  0 ( 1 - # )  V'  (A2U)
This allows the value of the residue concentration xr(hi) at each quadrature point
to be computed from 7 (hi) and yr[hi). Material balances on a differential length of
membrane yield,
U f  =  U r  +  Va  (2.21)
utx t  =  uT xr +  vay'a (2 .2 2 )
where Uf and ur(h) are the feed and residue flow rates per unit length, respectively, 
and va{h) and y'a{h) me the permeate flow rate per unit length and local perme­
ate concentration, respectively, averaged over the entire width of the membrane.
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Therefore:
, _  X f  X r Uf  _  X f  — X r <f>r  . .
Va 1 - 2=. l - ^ r  ( * }
The flow rate and concentration of the effluent permeate stream are calculated 
as follows. The flow rate is obtained from (2 .2 ) using Gaussian quadrature,
-1 U
0O =  1 -  /  <j>rdh “  1 -  Y , M W w i  (2-24)
i= I
where M  is the number of quadrature points. By invoking the assumption that 0r
is a “weak” function of h, it is easy to show that the permeate composition can be
computed as:
-1 M
y o =  y'adh -  51 y«(^)w* (2.25)
J° i= 1
The flow rate r/0 and concentration Xq of the effluent residue stream are determined 
from an overall material balance about the permeator:
Vo =  1 - 0O (2.26)
_  _  x f  ~  d o y o  fr t
1 0  -  ~ T = e r  (2'27)
The flow rates and concentrations of the effluent streams are easily calculated 
given the values 7 (hi), and y^(/i,). Therefore, the original boundary value
problem effectively is reduced to solution of the four nonlinear algebraic equations 
(2.7), (2.13), (2.15), and (2.19) at the quadrature points hi. Solution complexity is
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not strongly affected by the number of quadrature points N  used to approximate 
the integral in (2.18). By contrast, the four nonlinear algebraic equations must 
be solved simultaneously for each quadrature point used in the computation of the 
permeate flow rate and concentration. Our experience indicates that one quadrature 
point (Af =  1) generally provides a satisfactory solution. In this case hi =  0.5 and 
u/i =  1 , and the quadrature formulas reduce to,
d0 =  1 - M h i )  (2-28)
»  -  * * * >  =  X' 7 - M h f l) (2 -29)
where 0 r(hi) and xr(hi) are obtained by solving the four nonlinear algebraic equa­
tions at hi.
It is interesting to note that the pressure distribution (2.13) has the following 
form in this case:
72(Ai) = 7 o2 +  | c [ 1 - « M  (2.30)
In Appendix A.l, we show that the approximate model with M  =  1 is closely
related to the model obtained when one-point collocation [6 6 ] is applied to the
fundamental model. The only difference is that the collocation method yields the 
following pressure distribution,
72 (fti)=7o2 +  | c , [ l - « r ( M  (2.31)
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where hi now is interpreted as the interior collocation point. The two relations are 
identical with the exception of the constant coefficient. While this appears to be a 
minor difference, the subsequent simulation results show that the proposed modeling 
technique can yield significant improvements in prediction accuracy.
2.3.2 Parameter Estimation
A potential disadvantage of the proposed technique is that the approximate model 
contains all the parameters in the original fundamental model. In most applica­
tions, detailed characteristics of the permeator are not known at the preliminary 
design stage. Consequently, the approximate model may contain uncertain and/or 
unknown parameters. We present a nonlinear programming strategy [15, 23, 40] 
that provides a simple and efficient means of estimating unknown/uncertain model 
parameters from experimental data. The primary advantage of the proposed method 
is that nonlinear implicit equations can be handled. Although the estimation tech­
nique is presented for one-point quadrature, it is readily extended to the more general 
case.
The objective is to estimate model parameters associated with the internal char­
acteristics of the permeator. We assume that the membrane selectivity a  is known. 
Unknown parameters may include the membrane leaf length L, the leaf width W,  
the leaf thickness dm, and the asymmetric membrane thickness d. Note that these 
four parameters appear in the approximate model only via the terms C  (2.4) and 
R  (2.10). However, these terms are not easily estimated since they also depend on
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the feed flow rate Uf and feed pressure P . This problem is handled by defining 
parameters that do not depend on the feed conditions:
, _  2R gT[iL  /0 20)
C  -  ~ W d J B  ( )
R  = 2WIf h  (2.33)
Then (2.4) and (2.10) can be written as:




R =  R !^ r (2.35)
Therefore, the problem is reduced to estimating the parameters C ' and R '.
To facilitate parameter estimation, the model equations are formulated as fol­
lows. Equation (2.28) is rearranged as:
M h i)  =  l - d o  =  fi(Oo) (2.36)
Combining this result with (2.29), the residue concentration is expressed as:
* r ( h l )  =  5 / „ ( * / , « . , » , )  (2.37)
1 — c/o
The following relations are obtained from (2.7),
y'Ahi) =  /s[7 (^i)i*r(*i)] (2-38)
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(2.39)
where represents the function obtained when (2.7) is solved for xf [57]. The 
following result is obtained by combining (2.30) and (2.36):
l 2{hi) = i l  +  gC0o =  / 4 (7oA  ,C')
Equation (2.19) is represented as:
(2.40)
(2.41)
The parameters C' and R' are estimated using a nonlinear programming ap­
proach. The measurement vector z and parameter vector v  are defined as:
z  =
v  =





Assume that N  independent experiments are performed to generate the data set 
{zi ,  z2, . . . ,  zm}. Let Zi represent an estimate of the outcome of the i-th experiment. 
The parameters are determined by solving the following minimization problem,
iv
min ¥ ( z 1} • • •, zN, u) =  ^ ( z i  -  Zi)TVi l (z,- -  z*-) (2.44)
i=l
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subject to the constraints,
F { z i , v ) =  0, i =  1,2, •••,AT (2.45)
where Vi are covariance matrices, and F  represents the vector function comprised of 
the scalar functions (2.36)-(2.41). In practice, the Vi are taken to be a constant, di­
agonal matrix with elements that reflect the relative accuracy of the measurements. 
It is important to note that reliable algorithms are available to solve the nonlinear 
optimization problem (2.44)-(2.45) [16, 28]. A simpler estimation problem is ob­
tained if the feed flow rate and pressure are held constant during the experiments. In 
this case, the parameters C  and R  can be estimated directly and the dimensionality 









2.4 Results and Discussion
We evaluate the approximate modeling technique via a case study of CO2/CH4  
separations. The nominal model parameters and operating conditions for the spiral- 
wound permeator are shown in Table 2.1. These values do not correspond to any 
particular application, but the range of parameters considered cover a wide variety of 
CO2/CH4 separations. Note that a nominal value is not given for the feed pressure
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Table 2 .1 : Nominal model parameters for case study.
Parameter Value Variable Value
X f 0.45 9q 0.472
To 0.05 Vo 0.844
a 30 Vo 0.528
C 0 .1 X q 0.099
R 0 .1
P  because we work exclusively with the dimensionless model. The approximate 
modeling technique utilizes three quadrature points in the integral evaluation (N  =  
3) and one quadrature point in the computation of the effluent stream properties 
(M  =  1). The resulting model is compared to the fundamental model and the model 
obtained using one-point collocation (see Appendix A.l). The effectiveness of the 
parameter estimation strategy also is investigated.
2.4.1 Comparison to the Fundamental Model
The fundamental and approximate models are compared in Figures 2.3-2.7. In each 
figure, parameters values that are not stated explicitly are given in Table 2.1. Figure 
2.3 shows the predicted permeate pressure 7 , permeate flow rate 9, and residue 
concentration zr as a function of the membrane length h for three value of the 
permeation factor R. The approximate model produces very accurate predictions 
of the spatial variations for each value of R. The effluent permeate flow rate 90 
and effluent residue concentration x0 for various combinations of R  and the feed 
concentration Xf are shown in Figure 2.4. The variable Xq is shown rather that the
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Figure 2.3: Variations of the permeate pressure, permeate flow rate, 
and residue concentration along the membrane length.
effluent permeate concentration yo because the residue concentration exhibits larger 
variations and therefore is more illustrative. The approximate model yields accurate 
predictions of both variables for all operating conditions considered. It is interesting 
to note that higher feed compositions yield lower residue concentrations for large 
value of R. Consequently, results are not shown when both x j  and R assume large 
values because xq is close to zero under these conditions.
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Figure 2.4: Effect of the feed composition on the permeate flow rate 
and residue concentration.
Figures 2.5 shows the effluent permeate flow rate and residue concentration for 
several combinations of R  and the permeate outlet pressure 7 0 . The approximate 
model produces very accurate predictions for each case. The effect of R  and the 
selectivity a  on the effluent stream properties is shown in Figure 2.6. The approx­
imate model yields good predictions for all conditions considered, although small 
deviations between the two models are observed at intermediate values of a. Results
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Figure 2.5: Effect of the permeate pressure on the permeate flow rate 
and residue concentration.
are not shown for high values of a  and R since xq is close to zero in this case. Fig­
ure 2.7 shows the effect of the parameters R  and C  on the effluent permeate flow 
rate and residue concentration. The approximate model produces good predictions 
for low values of C, but becomes slightly inaccurate as C  increases. The result 
is expected because the approximation (2.13) is less valid when C  assumes large
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Figure 2.6: Effect of the selectivity on the permeate flow rate and 
residue concentration.
values. Despite this discrepancy, the approximate model yields predictions that are 
sufficiently accurate for process design even for large values of C.
The results in Figures 2.3-2.7 demonstrate that the approximate model provides 
accurate predictions over a wide range of operating conditions. The motivation for 
developing the approximate model is that the resulting nonlinear algebraic equations 
can be solved very efficiently. By contrast, the fundamental model consists of a set of
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Figure 2.7: Effect of the dimensionless constant C  on the permeate flow 
rate and residue concentration.
nonlinear differential-algebraic-integral equations with mixed boundary conditions. 
This model is solved using an iterative technique based on the shooting method 
[57]. Running MATLAB on an IBM RS-6000 workstation, we have found that the 
approximate model can be solved 200-400 times faster than the fundamental model. 
Consequently, the approximate model is well suited for process design studies.
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Figure 2.8: Comparison of the approximate model and one-point 
collocation for different feed compositions.
2.4.2 Comparison to  One-Point Collocation
Next we compare the proposed model to the approximate model obtained using one- 
point collocation (see Appendix A.l). Results also are shown for the fundamental 
model to provide a basis for comparison. Figure 2.8 shows the effluent permeate 
flow rate and residue concentration for several combinations of the feed concentration
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Figure 2.9: Comparison of the approximate model and one-point 
collocation for different values of the dimensionless constant C.
and permeation factor. Both approximate models yield good predictions, but the 
proposed model is slightly more accurate (maximum #o error 1.5% for the proposed 
model and 2.2% for one-point collocation). The effect of the parameters C  and R 
on the effluent stream properties is shown in Figure 2.9. While both models yield 
satisfactory results for small values of C, the proposed model is more accurate for 
large C  values. In this case, more interior collocation points for N  are required
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for an accurate solution. It is important to note that the accuracy of the proposed 
model also can be improved by increasing the number of quadrature points M. 
Consequently, the proposed method is preferred since both models require the same 
computing effort.
2.4.3 Parameter Estimation
Finally, the effectiveness of the proposed parameter estimation strategy is investi­
gated. As discussed previously, we assume that the membrane selectivity a  is known. 
Two data sets are collected by utilizing the fundamental model as the actual per- 
meator. The feed concentration x /  and effluent permeate pressure 7 0  are varied 
systematically, while the feed flow rate Uf and feed pressure P  are held constant. 
This allows the unknown model parameters (C  =  0.1, R =  0.1) to be estimated di­
rectly. In the second data set, we add a randomly distributed signal with standard 
deviation a  =  0 .0 1  to the measurements to simulate the effects of noise.
Table 2.2 shows the result of parameter estimation for nine independent sets 
of data without noise. The left-hand side of the table contains the measurements, 
while the right-hand side shows the estimated permeate stream properties obtained 
with the estimated parameters listed at the bottom of the table. The parameter R  
is identified almost perfectly, while C  has an error of 10%. However, this discrep­
ancy has very little effect on prediction accuracy. Parameter estimation for nine 
sets of data with noise is shown in Table 2.3, where the true values of the measured
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Table 2.2: Parameter estimation using 9 data sets without noise.
No. Measurements Estimates
X f To 00 yo 0 o yo
1 0 . 2 0 0 0 0.0500 0.2403 0.6470 0.2391 0.6457
2 0 . 2 0 0 0 0 .1 0 0 0 0.2230 0.6313 0.2225 0.6305
3 0 . 2 0 0 0 0 .2 0 0 0 0.1771 0.5755 0.1771 0.5751
4 0.4000 0.0500 0.4223 0.8201 0.4218 0.8191
5 0.4000 0 .1 0 0 0 0.4059 0.8182 0.4057 0.8174
6 0.4000 0 .2 0 0 0 0.3526 0.8076 0.3525 0.8073
7 0.6000 0.0500 0.6270 0.8939 0.6311 0.8909
8 0.6000 0 .1 0 0 0 0.6151 0.8952 0.6190 0.8926
9 0.6000 0 .2 0 0 0 0.5722 0.8974 0.5745 0.8962
C  =  0.0897, R =  0 .1 0 0 1
Table 2.3: Parameter estimation using 9 data sets with noise.
No. Measurements Estimates
X f To 0o yo 0o yo
1 0.2070 0.0556 0.2467 0.6474 0.2408 0 .6 6 6 6
2 0.1995 0.0987 0.2317 0.6065 0.2184 0.6414
3 0 . 2 2 0 2 0.2055 0.1947 0.5871 0.1832 0.6153
4 0.4092 0.0390 0.4191 0.8099 0.4319 0.8314
5 0.3819 0.0927 0.4045 0.8297 0.3879 0.8154
6 0.4003 0.2140 0.3587 0.7998 0.3377 0.8118
7 0.5819 0.0438 0.6368 0.9003 0.6113 0.8911
8 0.6103 0.1024 0.6040 0.9034 0.6278 0.8999
9 0.6039 0.1841 0.5667 0.8957 0.5834 0.9015
C  =  0.0704, R =  0.0948
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Table 2.4: Parameter estimation using experimental data [52].
No. Measurements Estimates
U/{ m3 /s) P(MPa) X f 7o 0o Vo 0o Vo
1 0.0331 3.7557 0.0523 0.0272 0.3762 0.1318 0.3780 0.1338
2 0.0318 2.3767 0.0528 0.0429 0.2887 0.1564 0.2527 0.1726
3 0.0331 3.8247 0.1161 0.0267 0.4059 0.2676 0.4420 0.2570
4 0.0466 3.2041 0.1213 0.0318 0.3310 0.3345 0.2958 0.3550
5 0.0695 4.8589 0.1234 0 .0 2 1 0 0.3538 0.3319 0.3098 0.3609
6 0.0692 3.9626 0.1241 0.0258 0.2796 0.3732 0.2629 0.3930
7 0.0370 3.2386 0.1272 0.0315 0.3628 0.3212 0.3619 0.3266
8 0.0774 4.8589 0.1298 0 .0 2 1 0 0.3051 0.3766 0.2911 0.3927
9 0.0672 3.8936 0.1339 0.0262 0.2537 0.4081 0.2728 0.4114
1 0 0.0367 3.8936 0.2134 0.0262 0.5000 0.4115 0.5029 0.4164
O =  2.08xl013 Pa2 -s/m3, R! = 3.19x10- 9 m3 /Pa-s
variables are the same as in Table 2.2. The estimates C  and R  have errors of 
approximately 30% and 5%, respectively, and therefore the model predictions are 
slightly less accurate than in the noise-free case.
Table 2.4 shows the results of parameter estimation using ten experimental data 
sets from [52]. Binary CO2/CH4 data are generated from the original multicom­
ponent data by considering the additional components (N2 and hydrocarbons) as 
the slower permeating component (CH4). Because the feed flow rate Uf and feed 
pressure P  vary, it is necessary to estimate the parameters C' and R' rather than the 
dimensionless parameters. Note that the predictions are much less accurate than 
those obtained from the simulation data. This is expected since the experimental 
system has complications that are not present in simulation:
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1 . The separation is multicomponent.
2. There are differences in operating conditions that are not completely reflected 
in the experimental data sets (e.g. temperature variations).
3. The approximate model does not account for non-ideal effects such as concen­
tration polarization, flow channeling, CO2 plasticization, etc.
Nevertheless, predictions suitably accurate for preliminary process design are ob­
tained by systematic estimation of the unknown model parameters.
2.5 Summary and Conclusions
An approximate m odeling technique for spiral-wound permeators separating binary 
gas mixtures has been proposed and evaluated. The approach is based on the as­
sumption that the residue flow rate is constant in the direction of permeate flow. 
The approximate model is derived by applying this assumption to an accepted fun­
damental model [57]. The original boundary value problem is reduced to a more 
tractable problem involving a small number of nonlinear algebraic equations. Ad­
ditional justification for the modeling technique is obtained via comparison to one- 
point collocation. Because the approximate model may contain unknown/uncertain 
parameters, a nonlinear programming  strategy for estimating parameters from ex­
perimental data has been proposed. A case study of CO2/CH4 separations has 
shown that the proposed model yields accurate predictions with considerably less 
computing time than the fundamental model.
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Chapter 3 
Spiral-W ound Perm eator M odeling  
for M ulticom ponent Gas Separations
3.1 Introduction
The development of multicomponent permeator models is of considerable signifi­
cance since most industrial applications involve multicomponent separations. As 
mentioned in Chapter 1 , it appears that multicomponent models of spiral-woimd 
permeators with permeate-side pressure drop are not available in the open liter­
ature. Motivated by this fact, two multicomponent models for spiral-wound gas 
permeators are proposed in this chapter. The basic transport model is derived di­
rectly from material balances and permeation relations assuming cross-flow patterns 
for bulk flow and local permeation. Permeate-side pressure variations are described 
by Darcy’s law. As compared to the binary case, the principal difficulty is that 
the multicomponent model does not yield an explicit expression for the local feed- 
side flow rate. We show that the local feed-side flow rate and the local feed-side 
compositions can be calculated for a given permeate-side pressure distribution by 
solving an initial value problem. The basic transport equations then are solved via 
an iterative shooting method. The approximate model is derived directly from the 
basic transport model by assuming that the residue flow rate is constant along the
44
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direction of bulk permeate flow. Integral expressions are approximated via Gaus­
sian quadrature, and the feed-side flow rate and compositions are determined by 
solving the associated initial value problem using a fourth-order Runge-Kutta-Gill 
algorithm. The basic and approximate models are compared for gas separations 
involving four and eight components. We show that the approximate model pro­
vides very close agreement while requiring significantly less computing effort. An 
estimation technique for determining uncertain/unknown model parameters from 
experimental data is proposed and applied to CO2 /CH4 mixtures containing small 
amounts of N2 and other hydrocarbons.
3.2 Basic Transport Model
The development of the basic transport model is based on Figure 3.1, which illus­
trates the feed and permeate flows in an extended membrane leaf. The variables are 
defined in Appendix B. The feed stream is introduced on the outside of the leaf, 
and gas permeates through the two membranes into the spacing material. The more 
permeable components preferentially diffuse through the membranes in a cross-flow 
pattern, and the bulk permeate stream flows at a right-angle with respect to the 
feed stream (i.e. the /-direction shown in Figure 3.1). The feed-side gas that does 
not permeate is collected as the residue stream.
The main assumptions are similar to those used in the binary case [57]:
1 . Local permeation and bulk permeate flow are described by a cross-flow pattern.






U f  — -
v * v'- I a | Residue
L
Uo ’
■ Vo » yi,o * Po 
* Permeate
Figure 3.1: Multicomponent gas permeation through a spiral-wound 
membrane.
2. The feed-side pressure drop is negligible. This is a reasonable assumption for 
sufficiently low feed flow rates and/or short membrane leaf widths.
3. The porous supporting layer of the asymmetric membrane offers negligible 
resistance to gas flow.
4. There is no permeate mixing in the direction of bulk permeate flow.
5. The bulk permeate stream is accumulated by mixing the local permeate stream 
with the bulk permeate stream.
6 . The permeate pressure varies only in the direction of permeate flow and the 
variations are described by Darcy’s law [12].
7. The membrane selectivities are independent of pressure and concentration.
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3.2.1 M odel Derivation
Under the preceding assumptions, the transport equations for a multicomponent 
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The variables are defined in Appendix B. Although only n — 1 equations in (3.1) 
and (3.2) are independent, we list all the equations to facilitate the subsequent 
development. Equations (3.1)-(3.5) can be rewritten in the following dimensionless














3 T =  1 ~  4>r







r =- G S ) -
c  = 2RgT(xL2Uf __ 2RgTfj.LUf WdmB P 2 ~  WdmBP2
(3-12)
(3.13)
The subscript 6  represents the base component to which the selectivities a* are 
referred (i.e. at, =  1). The base component can be any component for which Qb ±  0 . 
Equation (3.8) may be written as:
d(ln<£)
dx i
Dividing (3.7) by (3.8) yields:
d<f>
dr
ft V i-X i
* j % —  1 ) . . . j 71 (3.14)
X j-y i / j
Vi/<Xi
(3.15)
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Using (3.6), the right-hand side of (3.15) can be summed from i =  1 to n without 










The following relations between the feed-side and permeate-side compositions are 
obtained from (3.16):
Xi =  iv'i + ( 1  ~  iW icay'
, _  OiXiy'
Vl 1 - 7  +  7tt»yr
i  ™ _i_





Note that the dimensionless permeate pressure 7  only is a function of h from As­
sumption 6 ; thus (3.19)-(3.21) relate xit ŷ , and y' at a constant value of h. Therefore 
substituting (3.19) into (3.14) yields the following relations at constant h (or 7 ):
-  ! + 7 ( ^ - 1 ) di/i _  dy'
(1 -  7 )(<%$' -  1) j/i (any' -  l)y '’ ’U
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Equations (3.19)-(3.22) are similar to expressions derived by Pan [58] in modeling 
multicomponent hollow-fiber permeators. However, Pan’s model contains differen­
tial equations with several independent variables. As a result, the model is difficult 
to solve. Below we reformulate the model equations to facilitate numerical solution 
by allowing y1 to be the only independent variable.
Rearranging (3.22) to express dy  ̂ in terms of d(ln0) and dy', and then taking 
the sum from i =  1 to n noting that dŷ  =  0 , yields an expression for d(ln<£) in 
terms of dyl:
= _ E T M  n  <n\
d ?  U B f tf j  ( ’
where:
Ai (1 -  7 +  TOiS')#' (3'24)
_ (1 - 7 ) ^ - 1 )
1 — 7  +  7  oijyf
Substituting d(\n(f>) from (3.23) into (3.22) and choosing n — 1 independent equations 
yields dy[ in terms of dy':
i = 2 ’ ( 3 -2 6 )
At constant 7 , solving (3.23) and (3.26) simultaneously and then using (3.6) to 
determine the composition of the first component yield functions <f>{y') and y'^y1).
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Integrating (3.18) at constant 7  with the boundary conditions:
u; =  0 , r =  0 , (j> =  4>f =  1 , y' =  yf  
w =  W. r =  R , <t> =  4>r y' =  y'r
yields:
R =  — ------- /  yd<f>
1 — 7  Ji
=  ( y ’r  -  A # + «WS') f3-27)
where i? is the the dimensionless permeation factor:
r = 2 ^ W P  =  2Q: LW P  
d- Uf  d-U f
Equations (3.9)-(3.11), (3.19)-(3.21), (3.23), (3.26), and (3.27) represent the multi- 
component transport model for the spiral-wound permeator.
3.2.2 Calculation Procedure
The multicomponent model can be solved via an iterative shooting method. As 
compared to the binary case discussed by Pan [57], the major difficulty in solving the 
multicomponent model is that an explicit expression for the dimensionless residue 
flow rate 4>T is not available. Consequently for each step in integrating the differential 
equations (3.10)-(3.11), the initial-value differential equations (3.23) and (3.26) and
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the nonlinear algebraic equation (3.27) must be solved to obtain <f>r(h) and xi,r(h). 
As shown below, this makes the calculation procedure very complicated and time 
consuming.
For a spiral-wound permeator with specified separation properties (a,, R, and 
C), outlet pressure ratio (7 0 ), and feed composition the iterative solution
procedure may be outlined as follows:
1 . Calculation of <pr and x,-,r for a given value of 7 .
(a) For a given X ij, solve (3.21) for y'f and use (3.20) to calculate y[ j .
(b) Solve (3.23), (3.26), and (3.27) simultaneously with initial conditions 
y' =  y'f,y'i =  y’i j ,  and <f> =  <j>f =  1 to obtain ^  r, and 4>r, and then 
calculate x,>r using (3.19).
2 . Shooting method to solve the differential equations (3.9)-(3.11).
(a) Initially assume that 7  is equal to 70  for all h.
(b) Using this 7 - / 1  relation and the calculation procedure in step 1, integrate 
(3.10) and (3.11) from h =  0 (where 6  =  6 yi =  0) to h =  1 to obtain 6 -h  
and yi~h relations, and then evaluate the relations at h =  1 to obtain 0 O 
and yifi.
(c) Utilizing the 9-h  relation obtained in step 2 (b), integrate (3.9) from h =  1 
(where 7  =  7 0 ) to h =  0  to obtain a new 7 -h  relation.
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(d) Repeat steps 2 (b) and 2 (c) until dQ converges to the desired accuracy. 




As in the binary case shown in Chapter 2 , the approximate model is developed by 
assuming that the residue flow rate 0 r is constant with respect to h in order to 
develop an approximate pressure distribution function y(h). It is important to note 
that 4>r is allowed to vary with h in the subsequent model development. Under this 
assumption, the differential equation (3.10) for the dimensionless permeate flow rate 
is easily integrated with boundary condition 0 (0 ) =  0 :
9 =  (l-<f>r)h  (3.29)
In Section 3.4 we show this assumption is valid for a wide range of operating 
conditions by demonstrating that <f>r exhibits a very weak dependence on h, while 6
effectively is a linear function of h. Substitution of (3.29) into (3.9) and integration
with the boundary condition 7 (1 ) = 7 0  yields the approximate pressure distribution
function:
72 =  7o +  \ c  (1 -  <t>r) (1 -  h2) (3.30)
The subsequent model development is based on this 7 -h  relation.
R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
54
The integral in (3.27) is approximated using Gaussian quadrature [6 6 ]:
i  =  J * r <t>dy' =  (y'r ~  y'f) H  fa w i  (3-31)
j= l
where:
=  + & & - $ , )  (3-32)
Here N  is the number of quadrature points, ^  and Wj are the quadrature points and 
quadrature weights, respectively, and <f>j is the feed-side flow rate at the quadrature 
point yj. Now the integral equation (3.27) can be represented as:
R  = ~ ^ y 'r + (y'r -  y'f) 5Z f a w i ) (3-33)
The flow rates 4>j and (f>r are obtained by integrating the initial-value differential 
equations (3.23) and (3.26). Numerical solutions are obtained by using a fourth- 
order Runge-Kutta-Gill approximation at each quadrature point y' and the outlet 
point y'. The resulting expressions are [6 6 ]:
Yj — i 4- g(-Ki +  Ka) +  g (^2 ^ 2  +  (3.34)
K i =  fa • F{y'j_x, Y ^ )  (3.35)
K t =  Sj • F (S'_, 4- Y j +  I * , )  (3.36)
Ks, =  Sj ■ +■ Yj-j +  A ,if, +  A2K 2) (3.37)
K 4 =  Sj • 4- Sj, Yj- 1 +  X3K 2 +  XaK3) (3.38)






Ai -  2  , A2 2  ■ A3 2  >
y / 2 - 1  2 - 1 /2  _  \/2  2  +  \ / 2 (3.42)
The functions /^, / 2, • • •, / n represent the right-hand sides of (3.23) and (3.26), and 
represents the permeate concentration of the i-th component at the quadrature 
point yj. The initial conditions sure:
where y^j is determined from y'f using (3.20). Equations (3.34)-(3.38) represent n 
nonlinear algebraic equations that must be solved simultaneously at each quadrature 
point and the outlet point to yield <f>j, y^, <f>r, and xfir  for i =  2, • • •, n. Note 
that (3.34)-(3.38) are solved for a given value of 7 , and therefore y' is the only 
independent variable. When 7  is taken as a variable, the resulting functions for <£r, 
y'i r and <f>j can be expressed as:
(3.43)
A- =  *1(7, y'f, y'r )
V i,, = '*1(7. »/. SP. i =  2 , . . . , n  
A  =  4^(7, y 'f ,  S',), j  =  l , - , N (3.46)
(3.44)
(3.45)
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Substitution of <t>j and <j>r into (3.33) yields the relation:
=  y'f, y'r) (3.47)
Simultaneous solution of the nonlinear algebraic equations (3.21), (3.30), (3.44), and
(3.47) at each quadrature point yields y'f {hk), 7 (h*), <j>T(hk), and y'r(hk), where hk 
represents the value of h at the k-th quadrature point. Substitution of these variables 
into (3.45) yields y'iyr(hk), which then is used to calculate x^r(hk) via (3.19).
As in the binary case, Gaussian quadrature is used to determine the effluent 
permeate flow rate and bulk concentration. Prom (3.10):
where M  is the number of quadrature points employed, wk are the quadrature
a material balance on a differential length of membrane and invoking the assumption 
that <f>r does not vary with h, the permeate compositions are approximated as:
(3.48)
weights, and <j>r{hk) is the value of (j>T at the fc-th quadrature point. By performing
1 M
where:
t u  \  _  X i *f x i , r ( h k )<f>r ( h k )
ViAni') ~  i TTT~\------- * =  2 , • • •, n (3.50)
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The bulk concentration for the first component is determined via (3.6). The flow 
rate rjo and bulk concentration art>o of the effluent residue stream are determined 
from an overall material balance about the permeator:
Vo =  1 -  0O (3-51)
*o =  Xi-’  ~  9°—° (3.52)
1 — Po
It will be shown that a single quadrature point (M  =  1 ) provides a satisfactory 
solution for most operating conditions. In this case hi =  0.5 and Wi =  1 , and the 
quadrature formulas reduce to:
d0 =  1 -  ^(hO (3.53)
_  l u  \  X i J  ~  x i , r {h i )<j } r { h i )  t o  S.A\vu> =  ----------1 _  M h i)—  (3.o4)
3.3.2 Parameter Estimation
A potential drawback of the proposed modeling approach is that detailed charac­
teristics of spiral-wound permeators often are not known at the preliminary design 
stage. Consequently, the approximate model may contain uncertain and/or un­
known parameters. One way to address this problem is to use estimation techniques 
to determine the model parameters from experimental data. In Chapter 2, a non­
linear programming strategy to estimate C  (3.13) and R  (3.28) for binary systems 
was developed by noting that all unknown parameters in the approximate model
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appear only via these two terms. Using the least square error between the measured 
and estimated variables as the objective function and all binary model equations as 
constraints, “optimal” parameters are determined by solving a minimization prob­
lem. A similar technique also could be developed for multicomponent systems by 
using the multicomponent model equations as constraints. Potential difficulties in 
using the multicomponent model for parameter estimation include: (i) the perme­
ate concentrations for the least permeable components normally are very small; and 
(«) the multicomponent model is considerably more complicated than the binary 
model. As a result, parameter estimation could be less reliable and less efficient 
than in the binary case.
A simplified method of parameter estimation for multicomponent systems may 
be developed by using the approximate binary model. Similar to multicomponent 
distillation [41], we divide the different components into five groups according to 
their relative permeabilities. The most important two components are denoted as 
the light key component (LK) and heavy key component (HK). Components more 
permeable than the LK are called light components (L), while components less 
permeable than the HK are called heavy components (H). Components between the 
two key components are called intermediate components (I). A sharp cut is defined 
as a separation in which there are no heavy components in permeate stream and no 
light components in residue stream. By assuming a sharp cut, an analogous binary 
system may be constructed under the following conditions:
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1 . There are no light components or the concentrations of the light components 
are sufficiently small.
2 . There are no intermediate components or the concentrations of the interme­
diate components are sufficiently small.
Under these conditions, we formulate a binary model by defining a relative flow rate, 
a relative pressure, and relative concentrations:
V)  =  V;(xIJjK +  X , J , K )  (3.55)
P *  =  P { x / , L K  +  X f , H f c )  (3.56)
4  = ------------   (3.57)
X f , L K  +  X f , H K
7o‘ =  f j  =   -----------  (3.58)
P  % f , L K  +  X f , H K
%  =  m  =   -------------  (3 .5 9 )
U f  X f , L K  +  X f , H K
b __ 2 / 0 , / «  a a \= z— t t —  (3-6°)2/0,£ AT +  yo,HK
Because the parameters C  and R  depend on the feed flow rate (Uf) and the feed 
pressure (P), we define two parameters C'  and Rf that do not vary with the operating 
conditions:
,  _  2 R g T j i L
W d ^ B  K }
Rf =  (3.62)
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Prom (3.13) and (3.28):
(3.63)
(3.64)
In this way, the multicomponent estimation problem is reduced to estimating the 
parameters C' and R' using the binary model and the binary variables. Detailed 
formulation of the estimation problem is described in Chapter 2.
We compare the basic transport model and the approximate model for the separation
involves CO2 separation from a hydrocarbon mixture containing CH4 , C2H6 , and 
C3H8 [58]. The eight component example does not represent any specific gas sepa­
ration system, but it does demonstrate the potential for modeling mixtures with a
model parameters and operating conditions. In addition, the parameter estimation 
technique is applied to experimental data for the separation of CO2/CH4 mixtures 
containing small amounts of N2 and other hydrocarbons [52].
For binary mixtures, the multicomponent models yield the same results as the 
binary models in Chapter 2. The models differ only because an explicit expression 
for the feed-side flow rate cannot be derived in the multicomponent case. In this
3.4 Case Studies
of gas mixtures containing four and eight components. The four component example
large number of components. The proposed models are evaluated for a wide range of
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Table 3.1: Nominal operating conditions for four component system.
Parameter Value Variable BTM Value APM Value
Xi,f 0.30 %i, 0 0.0808 0.0862
0.55 0.7067 0.7027
0 .1 0 0.1405 0.1395
0.05 0.0720 0.0715
Oti 30 Vifi 0.7880 0.7845
1 0 .2 0 1 1 0.2038
0.25 0.0099 0.0104
0.05 0 .0 0 1 0 0.0013
7o 0.05 Vo 0.6900 0.6939
C 0 .1 e0 0.3100 0.3061
R 0 .1 BTM -  Basic transport model
APM -  Approximate permeator model
sense, the multicomponent models can be regarded as generalizations of the binary 
models. Therefore, results for binary mixtures are not shown here.
3.4.1 Four Component System
The basic transport model and the approximate model are compared in Figures 
3.2-3.9. Table 3.1 contains the parameter values not shown explicitly in each figure. 
The operating conditions are based on data from Pan [58] for C 0 2 separation from 
hydrocarbon mixtures containing CH4, C2H6, and C3Hs. The values of C  and R 
are obtained from our previous study of binary separations (see Chapter 2 ). The 
approximate model is solved using three quadrature points for the integral (3.31) 
and one quadrature point for integrals (3.48) and (3.49) (i.e. N  =  3, M  =  1 ). 
The second component CH4 is chosen as the base component for calculating the
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Figure 3.2: Variations of residue flow rate, permeate pressure, and 
permeate flow rate along the membrane length.
selectivities a*. Note that any component can be chosen as the base component, 
but the value of the permeation factor R  is determined by the permeability of the 
selected component.
Figure 3.2 shows the residue flow rate <j>r, permeate flow rate 9, and permeate- 
side pressure 7  as a function of the membrane length h for three values of the 
permeation factor R. As assumed in the development of the approximate model, <j>r
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Figure 3.3: Effect of permeation factor on permeate flow rate and 
residue concentrations (four component system).
is a weak function of h and Q exhibits a linear dependence on h. The approximate 
model produces very accurate predictions of the three variables for each value of 
R. Figure 3.3 illustrates the effect of R  on the outlet permeate flow rate 90 and 
the outlet residue concentration x,-to for all four components. The two models yield 
almost identical predictions for all values of R. Note that as R  increases, the residue 
concentration of the most permeable component (xi,o) decreases, the concentration
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Figure 3.4: Effect of feed composition on permeate flow rate and residue 
concentration of the first component (four component system).
of the moderately permeable component (x2,o) exhibits a maximum, and the con­
centrations of the least permeable components (x3>0 and x4,0) increase.
The permeate flow rate Oq and the residue concentration of the first component 
Tip for various combinations of R  and the feed concentrations j  are shown in 
Figure 3.4. The feed concentrations of components 1 and 2 are changed to keep the 
sum of the mole fraction unity, while the concentrations of components 3 and 4 are
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0.6
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Figure 3.5: Effect of permeate pressure on permeate flow rate and 
residue concentration of the first component (four component system).
the same as shown in Table 3.1. The predictions of 90 and x lt0 obtained from the 
approximate model are very accurate except for small deviations at large values of 
x \ j  and R. Figure 3.5 shows the effect of R  and the outlet permeate pressure 7 0 on 
Oq and Xit0. The two models show very close agreement for all operating conditions 
considered. The effect of R and the selectivity on 9q and rrli0 is illustrated in Figure 
3.6. The selectivity of the first component c*i is changed, while the selectivities of
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Figure 3.6: Effect of selectivity on permeate flow rate and residue 
concentration of the first component (four component system).
the other components remain constant. The predictions of the approximate model 
are very accurate for most conditions, although small deviations in 6q axe observed 
for large values of R  and oti. Figure 3.7 shows the effect of R  and the parameter 
C  on 9q and Xifl. The approximate model produces accurate predictions for low 
values of C , but deviations are observed as C  is increased. This is expected as
R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
67
Q-6| ------------ -- ------------------------------
o Basic transport m o d e l C = 0  01 >
—  Approximate model '
0. 5 - ---------------------------------------------------------------------------------
C=0 . 20 ,
0 .4
=0 .50




0 .0 0  0 .0 5  0 .1 0  0 .1 5  0 .2 0  0 .2 5  0 .3 0  0 .3 5
R
0 .3 5  
0 .3 0  




0 .1 5  
0.10 
0 .0 5  
0.00
0 .0 0  0 .0 5  0 .1 0  0 .1 5  0 .2 0  0 .2 5  0 .3 0  0 .3 5
R
Figure 3.7: Effect of dimensionless constant C  on permeate flow rate and 
residue concentration of the first component (four component system).
the approximate pressure distribution function (3.30) becomes less accurate as C  
increases.
The results in Figures 3.6 and 3.7 show that the approximate model becomes less 
accurate for large values of <*i and C. The accuracy of the approximate model can 
be improved by increasing the numbers of quadrature points used to approximate 
integrals in the basic transport model. Figure 3.8 shows the improvement obtained
o Basic transport modal 
—  Approximate model
odel 
odel
C = 0 .20
C=0.01
* ■
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Figure 3.8: Accuracy improvement of the approximate model by 
increasing the number of quadrature points M.
when the number of quadrature points in (3.48) is changed from M  =  1 to M  =  2. 
The operating conditions are identical to those in Figure 3.8 for C  =  0.50. The 
approximate model produces very accurate results when M  =  2. Figure 3.9 shows 
the improvement obtained by increasing the number of quadrature points in (3.31) 
from N  =  3 to N  =  4. The operating conditions are the same as in Figure 3.6 
for a-i =  100. In this case, we show predictions of the permeate concentration yh0 
rather than x^o because the differences are more pronounced. As expected, improved 
accuracy is obtained when N  =  4. Accuracy of the approximate model also can be 
improved by adding some intermediate points between the N  quadrature points 
when performing integration via the Runge-Kittta-Gill algorithm (3.34)-(3.38); this 
does not require N  to be increased. Note that the computation time increases almost 
linearly with the increase in M , while increasing N  has much less effect.
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Figure 3.9: Accuracy improvement of the approximate model by 
increasing the number of quadrature points N.
The results in Figures 3.2-3.9 demonstrate that the approximate model pro­
vides very close agreement to the basic transport model for the four component 
system over a wide range of operating conditions. The major advantage of the ap­
proximate model is that the resulting nonlinear algebraic equations can be solved 
very efficiently with little effect on prediction accuracy. On the other hand, solu­
tion of the basic transport model is very computationally intensive as a result of 
the nonlinear differential-algebraic-integral equations, mixed boundary conditions, 
and implicit expression for the feed-side flow rate. Running MATLAB on an IBM 
RS-6000 workstation, the computing time for a single simulation is 1.2-3 seconds 
with the approximate model as compared to 6-20 m inutes with the basic model. 
Thus, the approximate model can be solved 200-600 faster than the basic trans­
port model for the cases in Figures 3.2-3.9. This represents a substantial reduction
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Table 3.2: Nominal operating conditions for eight component system.
Parameter Value Variable BTM Value APM Value
















7o 0.05 Vo 0.5634 0.5694
C 0.1 do 0.4366 0.4306
R 0.1 BTM -  Basic transport model
APM -  Approximate permeator model
in computing effort for the optimal design of complex permeator configurations, in 
which hundreds of model solutions may be required.
3.4.2 Eight Component System
Figures 3.10-3.12 compare the basic transport model and the approximate model 
for an eight component system. Operating conditions not shown explicitly in each 
figure are listed in Table 3.2. The fifth component is taken as the base component
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Figure 3.10: Effect of permeation factor on permeate flow rate and 
residue concentrations (eight component system).
for determining a, and R. As in the four component case, Gaussian quadrature is 
performed with M  =  1 and N  =  3.
Figure 3.10 shows the outlet permeate flow rate 6q and the residue concentrations 
x^o of all eight components as a function of the permeation factor R. The two models 
produce almost identical results for all values of R. The effect of R  and 7 0  on 60 and 
Xx,o is shown in Figure 3.11. The approximate model yields accurate predictions for
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Figure 3.11: Effect of permeate pressure on permeate flow rate and 
residue concentration of the first component (eight component system).
all operating conditions considered. Figure 3.12 shows the effect of R and C  on 90 
and Xi,o. The approximate model yields accurate predictions under most conditions, 
although small deviations are observed for large values of C  as expected.
These results demonstrate that the basic transport model and the approxi­
mate model can be applied to gas mixtures with a large number of components. 
It is important to note that the computational effort associated with solving the
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Figure 3.12: Effect of dimensionless constant C  on permeate flow rate and 
residue concentration of the first component (eight component system).
approximate model does not increase dramatically as the number of components in­
creases. The computing time for a single simulation in Figures 3.10-3.12 is 1.5-3.5 
seconds with the approximate model and 8-25 minutes with the basic model. As in 
the four component case, the approximate model is 200-700 times faster than the 
basic transport model.
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To % feed composition (x*,/) ParametersOO
CH4 n 2 C+H R C
1 0.0331 3.756 0.0272 5.23 86.67 1 .2 2 6 .8 8 0.4058 0.0442
2 0.0318 2.377 0.0429 5.28 8 6 .8 6 1.35 6.51 0.2674 0.1061
3 0.0331 3.825 0.0267 11.61 80.72 1.14 6.53 0.4133 0.0426
4 0.0466 3.204 0.0318 12.13 79.69 1.07 7.11 0.2462 0.0854
5 0.0695 4.859 0 .0 2 1 0 12.34 80.16 1.05 6.45 0.2501 0.0555
6 0.0692 3.963 0.0258 12.41 79.59 1.05 6.95 0.2049 0.0830
7 0.0370 3.239 0.0315 12.72 . 78.79 1.05 7.44 0.3128 0.0665
8 0.0774 4.859 0 .0 2 1 0 12.98 79.05 1.05 6.92 0.2247 0.0617
9 0.0672 3.894 0.0262 13.39 79.19 1.05 6.37 0.2073 0.0835
3.4.3 Parameter Estimation
The effectiveness of the proposed parameter estimation strategy is investigated using 
experimental data for separation of CO2/CH4 mixtures containing small amounts 
of N2 and other hydrocarbons [52]. Nine sets of experimental data are selected for a 
permeator after checking the consistency of the operating temperature and the clo­
sure of material balances. The selectivities are chosen as in Lee et al. [53]: CO2/CH4 
selectivity=20; N2/CH4 selectivity=1.0; and C +H /C H t selectivity=0.4. The C+ H 
represents all the hydrocarbons higher than CH4, but it consists mostly of C2H6. 
Parameter estimation is achieved by transforming the experimental measurements 
into relative values according to (3.55)-(3.60), and then using the binary model to 
estimate the parameters C' and R'. The estimation results are: C' =  1.884 x 1013 
m3 /Pa, and R' =  3.578 x 10~ 9 Pa2 s/m 3.
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Table 3.4: Comparison of experimental data and simulation results.
No. Cut ratio % outlet permeate composition (y,,o)
C 02 CH4 n 2 C+H
9o 0o 2/1,0 Vuo i/2,0 £2,0 2/3,0 2/3,0 2/4,0 2/4,0
1 0.3762 0.4005 13.18 12.75 82.14 82.92 0.95 1.17 3.73 3.16
2 0.2887 0.2693 15.64 16.77 79.11 79.26 0.89 1.23 4.36 2.74
3 0.4059 0.4651 26.76 24.60 69.08 71.58 0.77 1.01 3.39 2.81
4 0.3310 0.3114 33.45 34.70 62.75 61.95 0.64 0.83 3.16 2.51
5 0.3538 0.3266 33.19 35.04 63.08 61.90 0.62 0.81 3.11 2.25
6 0.2796 0.2773 37.32 38.54 59.56 58.42 0.59 0.77 2.53 2.27
7 0.3628 0.3790 32.12 31.75 63.98 64.55 0.69 0.86 3.21 2.85
8 0.3051 0.3063 37.66 38.35 59.28 58.58 0.66 0.78 2.40 2.30
9 0.2537 0.2883 40.81 40.26 55.90 56.94 0.56 0.76 2.73 2.04
e 6.74% 3.94% 1.53% 29.04% 18.73%
These parameters are used to simulate the multicomponent separation. Table 3.3 
shows the operating conditions and calculated C  and R  derived from the estimated 
C" and R'. Table 3.4 compares the experimental data and the predicted values, 
as well as their average relative errors. The 0t- and y,t0 represent experimental 
measurements, and the 0,- and y1>0 represent values predicted by the approximate 
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where N  represents the number of experiments. The predictions are sufficiently 
accurate for preliminary process design. The large relative errors associated with 
the N2 and C+H components are attributable to their low concentrations in the 
permeate stream.
3.5 Summary and Conclusions
Two multicomponent models for spiral-wound gas permeators which account for 
permeate-side pressure variations have been proposed. The basic transport model 
is derived horn fundamental material balances and permeation relations, while the 
approximate model is derived directly from the basic model by assuming the residue 
flow rate is constant along the direction of permeate flow. The approximate model 
is developed by using Gaussian quadrature to approximate integral expressions and 
the fourth-order Runge-Kutta-Gill algorithm to solve the initial value problem for 
the feed-side flow rate and compositions. The two models compare favorably for 
gas mixtures containing four and eight components. The major shortcoming of the 
basic transport model is the computational effort required to generate a solution. 
On the other hand, the approximate model provides very accurate predictions with 
less than 1% of the computation time required for the basic model. In addition, 
a simple method for estimating uncertain/unknown model parameters from exper­
imental data has been proposed and successfully applied to a CO2 /CH 4 separation 
system. As result of its accuracy and efficiency, the approximate model is well suited 
for simulation and design of complex membrane separation systems.
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M em brane System  D esign via N onlinear 
Program m ing
4.1 Introduction
As discussed in Chapter 1, the conventional design approach for multi-stage mem­
brane systems is to select a small number of system configurations and then optimize 
the operating conditions of each network. The final design is chosen to be the sys­
tem which yields the most favorable economics. This procedure is useful for the 
design of simple membrane processes, comparison of different configurations, and 
investigation of parameter sensitivities. Several investigators have utilized this de­
sign approach for CO2 /CH4 separations [5, 9, 10, 18, 32, 63, 71, 72]. Despite these 
studies, more general comparisons of CO2 /CH4 membrane system designs and more 
detailed description of the associated optimization methods also are needed.
In the previous chapters, an approximate modeling technique for spiral-wound 
permeators separating binary and multicomponent gas mixtures is proposed. The 
development of the approximate models is based on simplifying basic transport mod­
els which include permeate-side pressure drop. The resulting models are well suited 
for process design because the nonlinear algebraic equations can be solved very 
efficiently and yield excellent prediction accuracy over a wide range of operating
77
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conditions. In this chapter, the approximate binary model is utilized to develop 
a design strategy for spiral-wound membrane processes. Nonlinear programming 
(NLP) techniques are used to determine operating conditions which satisfy the sep­
aration requirements while minimizing the annual process cost. The design proce­
dure is applied to the separation of CO2 /CH4 mixtures in natural gas treatment 
and enhanced oil recovery. The performance of different permeator configurations is 
compared and parameter sensitivities are analyzed. The NLP design methodology 
provides guidance on the development of permeator superstructures and synthesis 
strategies that allow simultaneous optimization of the permeator configuration and 
operating conditions.
4.2 Nonlinear Programming Strategy
The optimal design of a gas membrane separation system involves a tradeoff be­
tween capital investment and operating.expenses. Using the following nonlinear 
programming strategy and the approximate binary permeator model, we compare 
the system configurations shown in Figure 1.3 for CO2/CH4 separations. Both natu­
ral gas treatment and enhanced oil recovery applications are considered. The design 
strategy is based on the following nonlinear optimization problem:
Minimize: annual process cost
Subject to: operating requirements
material balances for each mixing/splitting point
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model equations for each permeator 
nonnegativity constraints
An example of the mathematical formulation for a three-stage configuration (Figure 
1.3g) is shown in Appendix C.l. Other configurations in Figure 1.3 are formulated 
similarly. Note that in this work we assume the membrane area can be varied 
continuously by changing the membrane width. As a result, the pressure coefficient 
C  in equation (2.4) can be factored into a form involving the membrane area and 
the feed conditions:
C =  C (4.1)
where C" is a parameter that depends on the internal properties of the permeator. 
The nominal economic costs and operating parameters are obtained from Spillman 
et al. [72], Babcock et al. [5], and Lee et al. [52, 53].
•  Operating conditions
— natural gas processing capacity: U/$ =  10 mol/s (19,353 m3/day)
— working time: twk =  300 days/year
— feed pressure: P  =  3.5 MPa
— product permeate pressure: po =  0.105 MPa
— temperature: T  =  40° C
— feed CO2 concentration: Xft0 =  0.20
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•  Operating requirements
— outlet residue CO2 concentration less than 2 % (both applications)
— outlet permeate CO2 concentration greater than 95% (enhanced oil re­
covery only)
— outlet permeate pressure for each stage not less than 0.105 MPa to avoid 
negative pressure operation
•  Membrane properties
— CH4 permeability: Q2/d  =  1-48 x 10- 3  mol/MPa-m2s 
(0.0119 m3TP/m 2h-bar)
— CO2 /CH4  selectivity: a  =  20
— pressure parameter: C" =  9.32 MPa2m2s/mol
•  Capital investment
— membrane housing: =  2 0 0  $/m 2 membrane
— gas-powered compressors: fcp =  1000 $/KW
— compressor efficiency: 77̂  =  70%
— working capital: f wk =  1 0 % of fixed capital investment
— capital charge: /<* =  27% per year
•  Operating expenses
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— membrane replacements: f mr =  90 $/m 2 membrane
-  membrane lifetime: tm =  3 years
-  maintenance: / mt =  5% of fixed capital investment
— utility and sale gas price: f sg — 35 $/Km3
— sale gas gross heating value: //,„ =  43 MJ/m3
-  lost CH4 is converted to sales gas value
The gas volumes are calculated at standard conditions (0.102 MPa, 273 K). The 
pressure parameter C" is based on an estimated value derived in Chapter 2.
4.3 Natural Gas Treatment
For natural gas treatment, the residue CO2 concentration must be less than 2%, 
while no constraint is placed on the permeate concentration. For the nominal oper­
ating conditions presented earlier, each configuration in Figure 1.3 is optimized to 
minimize the annual cost of the membrane system. The results are shown in Table 
4.1. The configuration with three stages and residue recycle ( /)  yields the lowest 
cost, while the two-stage system with residue recycle (e) is most expensive.
4.3.1 Effect of Feed Conditions
Figure 4.1 shows the effect of feed composition on the process cost, total membrane 
area, compressor power, and CH4 recovery for each configuration in Figure 1.3. Note 
that each configuration has a maximum cost with respect to the CO2 concentration
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a,b 11.874 1 352.75 - 0.105 10.00 0.200 6.51 0.020 3.49 0.535
c 11.692 1 142.15 - 0.105 10.00 0.200 8.07 0.085 1.93 0.677
2 205.40 - 0.105 8.07 0.085 6.53 0.020 1.53 0.362
d 11.276 1 231.54 - 0.105 11.08 0.210 8.20 0.057 2.88 0.644
2 157.96 9.86 0.105 8.20 0.057 7.12 0.020 1.08 0.298
e 12.747 1 424.30 37.96 0.105 12.09 0.195 7.93 0.020 4.16 0.530
2 67.81 - 0.105 4.16 0.530 2.09 0.174 2.07 0.891
f 11.204 1 180.89 - 0.105 10.00 0.200 7.71 0.066 2.29 0.651
2 184.97 11.90 0.105 8.52 0.066 7.22 0.020 1.30 0.321
3 29.84 - 0.105 1.30 0.321 0.82 0.068 0.49 0.744
g 12.574 1 320.16 31.98 0.105 12.10 0.196 8.59 0.037 3.51 0.586
2 101.15 5.89 0.105 8.59 0.037 7.95 0.020 0.65 0.243
3 64.30 - 0.105 3.51 0.586 1.45 0.147 2.05 0.897
“CF-configuration; F-annual process cost; n-permeator stage number; A-membrane area; 
PFcp-compressor power; po-outlet permeate pressure; U/-feed flow rate; ar/-feed concentration; 
170-residue flow rate; x0-residue concentration; Vfc-permeate flow rate; j/0-permeate concentration.
of the feed gas. Single stage with recycle (configuration b) always yields single stage 
without recycle (configuration a), which indicates permeate recycle is not favorable 
for single-stage systems. As expected, systems without recycle (configurations a 
and c) provide low CH4 recoveries. However, they yield moderate process costs 
because of small membrane areas and the lack of compressors. The two-stage system 
with permeate recycle (configuration d) and three-stage system with residue recycle 
(configuration / )  have the lowest process costs, mainly because they can increase 
CH4 recovery with moderate power consumption. The two-stage system with residue 
recycle (configuration e) and three-stage system with permeate and residue recycle
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Figure 4.1: Effect of feed composition on optimal separation system for natural gas 
treatment: (a) single stage; (b) single stage with recycle; (c) two stage; (d) two 
stage with permeate recycle; (e) two stage with residue recycle; (f) three stage with 
residue recycle; (g) three stage with permeate and residue recycle.
(configuration g) provide unnecessarily high CH4 recoveries at the expense of large 
membrane area and high power consumption. Therefore, the process costs for these 
two configurations are very high. These results are consistent with those obtained 
by Spillman et al. [72] and Babcock et al. [5].
The effect of feed pressure on different configurations is shown in Figure 4.2. 
Only three configurations (a, d, and / )  are investigated as a result of their relatively
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Figure 4.2: Effect of feed pressure on optimal separation system for natural gas 
treatment: (a) single stage; (d) two stage with permeate recycle; (f) three stage 
with residue recycle.
low process costs. It is important to note we have assumed there is no cost associated 
with increasing the feed pressure. Increasing feed pressure improves the process costs 
and the CH4 recoveries, especially when the pressure is less than 40 MPa. Although 
not shown here, we also have investigated the effect of feed flow rate. Increasing 
feed flow rate increases the membrane area and compressor power linearly, while 
the process cost and CH4 recovery essentially are unchanged. This behavior occurs 
because the peimeator model does not account for concentration polarization [79].
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Figure 4.3: Effect of membrane selectivity on optimal separation system for natural 
gas treatment: (a) single stage; (d) two stage with permeate recycle; (f) three stage 
with residue recycle.
The feed flow rate has no effect on the optimal operating conditions, but it does 
change the size of the required equipment.
4.3.2 Effect of Membrane Properties
Figure 4.3 shows the effect of membrane selectivity on three configurations (a, d, 
and / )  with the most favorable economics. As expected, increasing selectivity sig­
nificantly decreases the process cost and increases CH4 recovery, especially when
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the selectivity is relatively low. Although not shown here, we have investigated the 
effect of parameter C" from 0 to 30 MPa2m2s/mol for the same three configurations. 
As expected, the process cost is the lowest if there is no permeate pressure drops 
(z.e. C" =  0). As the permeate pressure drop increases, the process cost increases 
as more membrane area and compressor power are needed, while the CH4 recovery 
decreases.
4.3.3 Effect of Economic Parameters
To investigate the effect of economic parameters on the optimal separation system, 
we consider variations in the capital cost of membrane housing and compressors, 
the expense of membrane replacement, and the price of the sales gas. For systems 
without recycle (configurations a and c), the operating conditions are determined 
solely by the membrane properties and separation requirements because no extra 
degree of freedom are available for economic optimization. For these configurations, 
variations in economic parameters change the process cost linearly and the operating 
conditions do not change. Therefore, we consider only the multi-stage configurations 
d and / .
Varying membrane housing capital from 50 to 700 $/m 2 membrane results in 
small changes in optimal operating conditions and CH4 recoveries, while the pro­
cess cost increases in linear fashion. This indicates that membrane housing capital 
does not have a strong effect on the optimal separation system. The effect of com­
pressor capital cost on the two configurations is shown in Figure 4.4. The process
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Figure 4.4: Effect of compressor capital on optimal sepaxation system for natural 
gas treatment: (d) two stage with permeate recycle; (f) three stage with residue 
recycle.
cost increases with increasing compressor cost. However, the cost increase can be 
reduced substantially by optimizing the operating conditions. To balance the in­
creased compressor cost, the compressor power and membrane area are reduced at 
the expense of decreased CH4 recovery. Note that the second and third stages have 
very small membrane areas when compressor capital cost is very high, at which 
point both configurations effectively reduce to the single-stage configuration a.
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Figure 4.5: Effect of sale gas price on optimal separation system for natural gas 
treatment: (d) two stage with permeate recycle; (f) three stage with residue recycle.
As shown in Figure 4.5, the sales gas price has a strong effect on optimal oper­
ating conditions. Note that there is an intersection point where the process cost for 
the two configurations are identical. Configuration d is preferred when the sales gas 
price is low, while configuration /  has better performance at high sales gas prices 
because it yields higher CH4 recoveries. We also have investigated the effect of the 
membrane replacement expense from 30-150 $/m 2 membrane. Although not shown 
here, these variations have no effect on the optimal operating conditions, while the 
process cost increases linearly with increasing replacement cost.
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e 15.355 1 530.69 56.48 0.105 14.25 0.278 8.06 0.020 6.19 0.614
2 41.37 - 0.105 6.19 0.614 4.25 0.461 1.94 0.950
f 15.467 1 0.54 - 0.105 10.00 0.200 9.99 0.199 0.01 0.780
2 533.84 57.13 0.105 14.33 0.281 8.06 0.020 6.26 0.617
3 40.82 - 0.105 6.26 0.617 4.34 0.468 1.93 0.951
g 13.281 1 236.98 28.87 0.127 13.14 0.235 9.79 0.078 3.35 0.695
2 236.30 15.74 0.105 9.79 0.078 8.06 0.020 1.73 0.347
3 41.31 - 0.105 3.35 0.695 1.41 0.345 1.94 0.950
“ CF-configuration; F-annual process cost; n-permeator stage number; A-membrane area; 
Wcp-compressor power; po-outlet permeate pressure; £//-feed flow rate; x/-feed concentration; 
C/o-residue flow rate; xo- residue concentration; Vo-permeate flow rate; yo_permeate concentration.
4.4 Enhanced Oil Recovery
The separation of CO2 /CH4 in enhanced oil recovery differs from that in natural 
gas treatment because both the residue and permeate streams must satisfy concen­
tration requirements. For single-stage configurations (a and 6 ) and some two-stage 
configurations (c and d), the additional constraint that the permeate concentra­
tion must contain at least 95% CO2 causes infeasibilities for a wide range of feed 
compositions. In fact, these configurations are feasible only when the feed CO2 con­
centration is greater than 80%. Therefore, the subsequent analysis is restricted to 
configurations e, / ,  and g. Table 4.2 gives the optimal separation system for these 
configurations at the nominal operating conditions.
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Figure 4.6: Effect of feed composition on optimal separation system for enhanced 
oil recovery: (e) two stage with residue recycle; (f) three stage with residue recycle; 
(g) three stage with permeate and residue recycle.
4.4.1 Effect of Feed Conditions
Figure 4.6 shows a comparison of the three configurations for different feed compo­
sitions. The three-stage system with permeate and residue recycle (configuration g) 
provides the lowest process cost for feed CO2 compositions less than 50%. For higher 
feed concentration, the three-stage system with residue recycle (configuration / )  be­
comes more cost effective. At feed compositions less than 40% CO2 , the first-stage
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Figure 4.7: Effect of feed pressure on optimal separation system for enhanced oil 
recovery: (e) two stage with residue recycle; (f) three stage with residue recycle; (g) 
three stage with permeate and residue recycle.
membrane area of configuration /  goes to zero, and the three-stage configuration 
becomes identical to the two-stage configuration e. The effect of feed pressure at 
the nominal feed composition is shown in Figure 4.7. As expected, increasing feed 
pressure always yields lower process cost, less membrane area, and less compressor 
power. It is interesting to note that configuration g has the lowest cost for all feed 
pressures considered.
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4.4.2 Effect o f  Economic Parameters
The effect of membrane housing capital, compressor capital, sales gas price, and 
membrane replacement expense on the optimal operating conditions for the three 
configurations also has been investigated. It is interesting to note that variations in 
these parameters have much less impact on process economics than in natural gas 
treatment. For each configuration, optimal operating conditions are not changed 
significantly by variations in membrane housing from 50-700 $/m 2 membrane, com­
pressor capital from 250-2500 $/KW, sales gas price from 15-100 $/Km3, and mem­
brane replacement from 15-180 $/m 2 membrane. The process cost increases linearly 
with the economic parameters, while the CH4 recovery is always 98.79% for all con­
figurations. This is attributable to the fact that the optimal operating conditions 
are dominated by the separation requirements rather than economic parameters in 
the objective function.
4.4.3 Effect o f Separation Requirements
For the three-stage system with permeate and residue recycle (configuration g), we 
investigate the effect of residue and permeate composition constraints on the opti­
mal operating conditions for a feed CO2 concentration of 20%. Figure 4.8 shows the 
effect of the residue constraint (nominally 2 %) on the optimal separation system. 
The process cost increases rapidly when the maximum CO2 concentration in the 
residue is decreased as a result of increased membrane area and compressor power. 
It is interesting to note that the second-stage permeator and compressor are strongly
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Figure 4.8: Effect of residue composition constraint on optimal separation system 
for enhanced oil recovery.
affected, while the other permeators and the other compressor are effectively un­
changed. The effect of the permeate composition constraint (nominally 95%) is 
shown in Figure 4.9. The process cost increases significantly as the constraint be­
comes more stringent. As before, the second-stage permeator and compressor are 
most strongly affected by variations in this constraint. These results indicate that 
the proposed model and optimization procedure are sufficiently robust to optimize 
permeator systems with very stringent separation requirements.
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Figure 4.9: Effect of permeate composition constraint on optimal separation system 
for enhanced oil recovery.
4.5 Summary and Conclusions
A systematic design strategy for spiral-wound membrane systems based on an al­
gebraic permeator model and nonlinear program m ing has been proposed. Case 
studies for the separation of CO2 /CH4 mixtures in natural gas treatment and en­
hanced oil recovery have been presented. Sensitivity of the proposed designs has 
been investigated by changing operating conditions, membrane properties, and eco­
nomic parameters. It is shown that a two-stage configuration  with permeate recycle
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and a three-stage configuration with residue recycle are suitable for natural gas 
treatment, while three-stage configurations with permeate and/or residue recycle 
are appropriate for enhanced oil recovery. The proposed design method provides 
an efficient tool for optimizing multistage membrane separation systems, including 
those with stringent separation requirements.
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Chapter 5 
Process Synthesis for B inary Gas 
Perm eator System s
5.1 Introduction
In Chapter 4, the approximate binary permeator model is used to develop a non­
linear programming (NLP) design strategy that allows systematic determination 
of the operating conditions for a specified permeator configuration. The optimiza­
tion procedure is sufficiently robust to handle multi-stage configurations with very 
demanding separation requirements. However, the NLP strategy generally yields 
suboptimal designs because it is infeasible to enumerate and evaluate all possible 
network configurations. As mentioned in Chapter 1, the mixed-integer nonlinear 
programming (MINLP) methodology provides an effective approach for synthesiz­
ing multi-stage membrane separation systems.
In this chapter, we utilize the same binary model to develop a process synthesis 
strategy for spiral-wound membrane systems which allows simultaneous optimiza­
tion of the permeator network and operating conditions. The approach is based on 
a permeator system superstructure which efficiently embeds a very large number of 
possible network configurations. The superstructure is used to develop a MINLP de­
sign strategy which automatically determines the membrane system that minimizes
96
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the annual process cost. The methodology is applied to the separation of CO2/CH4 
mixtures in natural gas treatment and enhanced oil recovery. Optimal separation 
systems are derived for different number of separation stages with both continuous 
and discrete membrane areas.
5.2 Problem Statement
The problem of designing spiral-wound membrane systems for gas separations can 
be described as:
Given a feed mixture of known conditions, synthesize the minimum cost 
network of spiral-wound permeators and recycle compressors that sep­
arates the feed stream into products of specified compositions. The 
membrane properties and cost related parameters are assumed to be 
known.
The design task involves the determination of the optimal system configuration, 
as well as specification of the process unit sizes and operating conditions. As a 
first step, it is necessary to utilize a permeator model that is sufficiently accurate 
to predict separation performance and computationally efficient for mathematical 
programming. The next step is to derive a permeator system superstructure which 
embeds all system configurations of practical interest, formulate the superstructure 
as a MINLP model, and develop a suitable solution strategy. To facilitate the 
subsequent development, the following assumptions are invoked:
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1. The feed stream contains a binary gas mixture at a relatively high pressure.
2. The feed-side pressure for each stage is equal to the pressure of the feed stream.
3. The feed-side pressure drop is negligible for each stage.
4. There is no pressure drop between permeation stages.
5. The permeate stream pressures between stages are design variables, while the 
product permeate stream pressure is predetermined.
6. All permeators and compressors operate at isothermal conditions.
5.3 Optimal Design Strategy
5.3.1 Permeator Superstructure
The superstructure approach to process design provides a systematic framework for 
simultaneous optimization of process configuration and operating conditions [28]. 
Superstructures have been developed for a number of membrane separation systems, 
including reverse osmosis [78] and pervaporation [73] networks. For gas membrane 
separation systems, the basic components of the superstructure are permeators, com­
pressors, stream mixers, and stream splitters. An ideal superstructure is sufficiently 
“rich” to represent all process configurations of practical interest, yet sufficiently 
“simple” to eliminate all unreasonable configurations.
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The permeator system superstructure is derived as described below [28J. Note 
that each separation stage may be comprised of several permeators in parallel or in 
series.
1. The feed stream is split into individual feed streams for each permeation stage.
2. The inlet stream to a particular stage consists of: its individual feed stream; 
recycle streams obtained from the permeator’s effluent streams; and recycle 
streams obtained from the effluent streams of all other stages.
3. For each stage, the permeate and residue streams are split into: recycle streams 
for the particular stage; recycle streams for all other stages; and streams that 
are sent to the final product mixers. The permeate recycle streams must be 
compressed to the feed pressure before being sent to the feed stream mixers.
4. The inlet streams for the final permeate (residue) mixer are obtained from the 
permeate (residue) streams of all stages.
As an illustration, the system superstructure for three separation stages is shown 
in Figure 5.1. This superstructure is capable of representing a very large number of 
permeator configurations with three separation stages. Superstructures containing 
different number of separation stages are developed similarly.
5.3.2 M athematical Formulation
The permeator system superstructure is mathematically modeled using the general 
formulation shown in (1.1). In this case, the binary variables appear linearly, so the








Figure 5.1: Permeator system superstructure with three permeation stages, 
mathematical form can be expressed as:
min : cZ +  f ( X )
s.t. : UiZ +  h(X) — 0
U2Z  +  g(X)  <  0 (5.1)
X e R n 
Z  e  {0, l}1
where: X  is a vector of n continuous variables that represent flow rates, pressures, 
and compositions of the process streams, as well as continuous properties of the pro­
cess units; Z  is a vector of I binary variables that denote the existence (Z{ =  1) or
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non-existence (Z* =  0) of process units and connections, as well as discrete proper­
ties of the process units; cZ +  f ( X )  is an objective function which approximates the 
annual cost of the membrane system; U\Z  +  h(X)  are m  equality constraints that 
denote material balances, permeator model equations, and parameter definitions; 
U2Z  +  g(X) are p  inequality constraints which correspond to separation require­
ments, operational restrictions, and logical constraints.
A nnual P rocess C ost
The optimal design of a membrane system entails a tradeoff between capital invest­
ments and operating expenses. The annual process cost should take into account 
capital investments associated with permeators and compressors, as well as operat­
ing expenses due to replacement of membrane elements, maintenance, consumption 
of utilities, and product losses. Depending on the application, the calculation of 
process costs requires different levels of accuracy. Here we focus on CO2/CH4 sepa­
rations and utilize the approximate costing procedures presented by Spillman et al. 
[72] and Babcock et al. [5].
The fixed capital investment is the installed equipment cost of membrane vessels 
and compressors. Note that membrane housing is a capital cost, but the replace­
ment of membrane elements is treated as an operating expense. Both membrane 
housing and the replacement of the elements are determined by the membrane area. 
Auxiliary costs associated with pipes, fittings, and assembly are included in the 
membrane housing cost. As a result, the fixed capital investment (FfC) is only a
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function of membrane area (A) and compressor power (Wcp) for each stage (n):
iv
Ffc =  ^ ] (/mhAn +  fcpWcp,n/Vcp) (5-2)
n=l
where N  is the number of separation stages. The remaining parameters and variables 
are defined in Appendix D.2. The compressor power for each stage is calculated by 
assuming ideal gas behavior and isothermal compression [61]:
n =  l ,---,AT (5.3)
where Vb,m,„ is the permeate recycle stream from the rc-th stage to m-th stage.
The working capital is taken as a fixed percentage ( /Wk) of the fixed capital, and
the annual capital charge (Fee) is calculated by annualizing the fixed and working 
capitals:
Fcc =  /cc(l +  /wk)Ffc (5.4)
The annual operating costs include membrane replacement expense (Fmr):
Fmr =  $3 An (5-5)
n=i
maintenance expense (Fmt):
Fmt =  /mt-Fc (5-6)
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cost of utilities (Fut):
F „  =  ■ £  W w  ( 5 . 7 )
Jhv'Hcp n=l
and value of product losses (FpI):
Fpl =  —  (5.8)
1  —  X p t
The annual process cost (F) is taken as the sum of the capital charge and operating 
expenses divided by process capacity, which is expressed as:
F  =  [Fee +  Fnr -+- Fmt +  Fut +  Fpi] /  (£/foo£Wk) (5-9)
The annual process cost (F) is used as the objective function, which is m inim ized 
subject to various types of constraints described below. It is important to note that 
the above calculation procedure only provides an estimate of the annual process cost. 
As a result of the approximate permeator model and the approximate economic 
analysis, the MINLP strategy yields preliminary designs. These designs can be used 
as a basis for more detailed analysis.
M aterial B alance C onstraints
Material balance constraints are imposed on: (i) splitters for the initial feed stream 
and the outlet streams of each stage; (ii) mixers for the inlet streams of each stage 
and the inlet streams for the final products; and (m ) each permeation stage. For
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Uo,n — Uptn +  ^ ^ — ! , • • • ,  JV (5.11)
m =  1 
N
(5.12)
where: Um is the total fresh feed flow rate; Ufo,n is the fresh feed flow rate for stage 
n; Uqjx (Vo,n) is the total outlet residue (permeate) flow rate for stage n; UPjTl {Vp,n) 
is the residue (permeate) flow rate of the final product from stage n; and £/b,m,n 
(H,m,n) is the residue (permeate) flow rate of the recycle stream from the n-th stage 
to m-th stage. Note that only overall material balances are needed because splitters 
do not change stream compositions.
For the stream mixers, both overall material balances and component balances 
are necessary. Material balances for the inlet mixer of stage n are written as:
Note that the recycle streams are taken from the 771-th stage and terminate at the 
77-th stage. Material balances for the product mixers are expressed as:




U{,nXf>n — UfotTlXfn +  (̂ b,n,m 0̂,m +  l̂ b.n.ml/O.m) > Tl — 1, • • •, iV (5.14)
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N
UptXpt =  Y l  UP,nX0,n (5.16)
n=l
v »  =  (5-17)
fl=l
Vp.Jp. =  £  Vp,„y„,„ (5.18)
n=l
where Upt and xpt are the total flow rate and concentration of the final residue 
product, and and ypt are the total flow rate and concentration of the final 
permeate product. Material balances about each permeation stage yield:
Uf,n =  U0,n +  Vo,n, n =  l , " ’ , N  (5.19)
=  0̂,n̂ '0,n "b Tl =  1, • • •, iV (5.20)
Perm eator M odel C onstraints
The permeator model constraints are the approximate permeator model equations 
written for each stage. Some of the equations are manipulated to facilitate computer 
implementation. The resulting model equations are presented in Appendix D.l .
O perating R equirem ent C onstraints
Constraints are needed to ensure the product streams satisfy the separation require­
ments. In CO2/CH4 separations, minimum purity requirements are placed on the 
final residue and permeate streams. In addition, a constraint which expresses that 
the permeate pressure for each stage must be at least as high as the pressure of the
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final permeate stream is required. These constraints are expressed as:
^pt ^  3<out (5 .21)
!/pt ^  Vout (5 .22)
Po,n ^  Pont (5 .23)
Depending on the application, some of the constraints may be relaxed. For example, 
only (5.21) and (5.23) are required for natural gas treatment since the CO2 enriched 
permeate stream has very little value.
D iscrete  M em brane A rea C onstraints
A typical spiral-wound permeator is comprised of several membrane elements placed 
in a cylindrical steel shell. A permeator shell normally is capable of holding from one 
to six spiral-wound membrane elements. Membrane area is adjusted by changing 
the number of elements or by connecting several permeators in series or parallel. As 
a result, membrane area can be considered as a discrete variable:
An =  A0N A, n — 1, • • •, iV (5 .24)
where Aq is the element membrane area and N A (N AL <  N A < N AV) is the number of 
elements. Because integer variables cannot be handled directly by existing MINLP 
algorithms, the element number N A must be expressed in terms of binary variables. 
One way to convert the integer variables N A to binary variables Z A is to use the
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following expression [28]:
K  =  +  E  n =  l , - - , JV (5.25)
Jfc=l
where K  is the minimum number of binary variable needed:
*  -  ■ * “
Note that (5.26) is used only to calculate the value of AT; it is not used as a constraint 
equation. In the following case studies, we choose N AL — 1 and N AU =  15 to 30, 
which yield K  =  4 or 5. When the membrane area is regarded as a continuous 
variable, the constraints (5.24) and (5.25) are not utilized.
O ther C onstraints
Several other types of constraints are required to have a well defined optimization 
problem. These include logic constraints on the binary variables, as well as nonneg­
ativity and integrality constraints on both the continuous and binary variables. A 
description of these constraints is included in Appendix D.l.
5.3.3 Solution Strategy
The MINLP design model is solved using the algorithm of Viswanathan and Gross- 
mann [75], which is available in the General Algebraic Modeling System (GAMS) 
[16] as the solver DICOPT++. The solution technique is based on an outer ap­
proximation approach in which the MINLP problem is decomposed into a series of
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nonlinear program (NLP) and mixed-integer linear program (MILP) subproblems 
[64]. These subproblems can be solved using any NLP and MILP solvers that run 
in the GAMS environment. In this case, CONOPT2 is used for the NLP problem 
and XA is used for the MILP problem. The following case studies involve 100-250 
continuous variables, 15—70 discrete variables, and 100-270 constraint equations. It 
is important to note that the MINLP formulation usually yields a nonconvex opti­
mization problem. As a result, the solution obtained represents a local optimum. 
We address this problem by initializing the variables at several different points, 
setting reasonable bounds on variables, and adjusting the DICOPT++ options to 
facilitate convergence to the global optimum.
5.4 Case Studies
The MINLP design strategy is used to derive optimal permeator networks for nat­
ural gas treatment and enhanced oil recovery applications. The nominal economic 
parameters and operating conditions are obtained from Spillman et al. [72], Babcock 
et al. [5], and Lee et al. [52, 53].
•  Operating conditions
— natural gas processing capacity: Um =  10 m ol/s (19,353 m3 /day)
— feed pressure: P  =  3.5 MPa
— feed CO2 concentration: Xfo =  0 .2 0
— product permeate pressure: pout =  0.105 MPa
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— temperature: T  — 40°C
•  Operating requirements
— product residue CO2 concentration less than 2 %
— product permeate CO2 concentration greater than 95% (enhanced oil 
recovery only)
— outlet permeate pressure for each stage not less than 0.105 MPa
•  Membrane properties
— CH4 permeability: Qi fd  =  1.48 x 10“ 3 mol/MPa-m2s
— CO2 /CH4 selectivity: a  =  20
— pressure parameter: C" =  9.32 MPa2m2s/m ol
•  Capital investment
— membrane housing: /mh =  2 0 0  $/m 2 membrane
— gas-powered compressors: / cp =  1000 $/KW
— compressor efficiency: 77̂  =  70%
— working capital: /«* =  1 0 % of fixed capital investment
— capital charge: / cc =  27% per year
•  Operating expenses
— membrane replacement: /mr =  90 $/m 2 membrane
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— membrane lifetime: tm =  3 years
— working time: twk =  300 days/year
— maintenance: / mt =  5% of fixed capital investment per year
— utility and sale gas price: / 8g =  35 $/Km 3
— sales gas gross heating value: /hv =  43 MJ/m3
— lost CH4 is converted to sales gas value
The gas volumes are calculated at standard conditions of 0.102 MPa and 273 K. 
The pressure parameter C" is an estimated value based on experimental data [52]. 
In this work, we allow the membrane area to be both a continuous variable and a 
discrete variable.
5.4.1 Natural Gas Treatment
For natural gas treatment, the CO2 concentration of the residue product must be 
less than 2%. No constraint is placed on the permeate concentration because the 
permeate stream is a low grade fuel or a waste gas. Flowsheets with two, three 
and four separation stages are synthesized to produce process configurations and 
operating conditions which minimize the annual cost. A configuration with con­
tinuous membrane area provides a lower bound on the achievable annual cost for 
a particular number of separation stages. A configuration with discrete membrane 
area generally will yield a higher process cost, but the resulting flowsheet is more 
realistic.
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W{ = 9.972 KW 
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Figure 5.2: Two-stage system with continuous membrane area (natural gas 
treatment).
F = 11.306 S/Km3 
\  = 380.00 m2 
Wt = 6.993 KW 
























Figure 5.3: Two-stage system with membrane element area of 20 m2 (natural 
gas treatment).
The optimal configuration and operating conditions for the two-stage system 
with continuous membrane area are shown in Figure 5.2, while the corresponding 
results for a discrete membrane element area of 20 m2 are shown in Figure 5.3. Note 
that the system configurations for the two cases are identical, while the operating 
conditions are significantly different. As expected, the process cost for the discrete 
area case is slightly higher than that for the continuous area case. The membrane
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Figure 5.4: Three-stage system with continuous membrane area (natural gas 
treatment).
area for each individual stage is quite different, but the total membrane area is very 
similar. The compressor power and CH4 recovery also differ because of the different 
distribution of membrane area. Note that both configurations satisfy the 98% CH4 
purity constraint placed on the product residue stream.
Figure 5.4 shows the optimal configuration and operating conditions for the 
three-stage system with continuous membrane area. This design represents a slight 
modification of the two-stage configuration (Figure 5.2) in which a small third-stage 
permeator is used to separate the second-stage permeate stream. The total process 
cost is slightly lower than that of the two-stage system because of increased CH4 
recovery. The configuration and operating conditions for the three-stage system 
with discrete membrane element area of 10 m2 are shown in Figure 5.5. In this 
case, the system configuration is different from that obtained for the continuous 
area case (Figure 5.4). The discrete area configuration contains a relatively large
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F= 11.191 5/Km3 
\  = 400.00 m2 
Wt = 12.86 KW 
0 =  88.87%
Figure 5.6: Three-stage system with membrane element area of 20 m2 (natural 
gas treatment).
third stage which separates the second-stage permeate stream; this makes recycling 
the third-stage residue stream unnecessary. The process cost is slightly higher than 
that of the continuous area case. Figure 5.6 shows the design that results for a 
membrane element area of 20 m2. This configuration is different from that obtained 
for continuous membrane area (Figure 5.4) and a discrete area of 10 m2 (Figure
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5.5). The design in Figure 5.6 is a slight modification of the continuous area design 
obtained by collecting a small portion of the second-stage permeate stream as the 
final product, while the remainder of the permeate stream is separated in the third 
stage. Although the process costs for the two configurations are very comparable, 
the configuration in Figure 5.6 may not be very practical because the flow rate 
of the product stream (0.027 mol/s) is very small compared to the flow rate of 
the second-stage permeate stream (1.436 m ol/s). Additional logic constraints are 
required to avoid this type of situation. It is important to note that the configuration 
obtained for an element area of 10 m2 (Figure 5.5) has a higher process cost than 
that obtained with an element area of 20 m2 (Figure 5.6). This occurs because more 
binary variables are required to represent the constraint (5.25) when small element 
areas are used. Apparently, different local optima are found for the two cases.
The optimal configuration and operating conditions for the four-stage system  
with continuous membrane area are presented in Figure 5.7. This configuration 
is similar to that obtained for the three-stage system (Figure 5.4), except that the 
third stage of Figure 5.4 is divided into two smaller stages in Figure 5.7. For discrete 
membrane element areas of 10 m2 and 20 m2, optimal solutions for the four-stage 
system could not be obtained because membrane area and flow rate differences are 
too large to allow convergence of the MINLP.
Comparing the configurations and operating conditions shown in Figures 5 .2- 
5.7, we note that the process costs and total membrane areas of the designs are very
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Figure 5.7: Four-stage system with continuous membrane area (natural gas 
treatment).
similar even though membrane areas of individual stages and operating conditions 
are quite different. In particular, increasing the number of membrane stages does 
not affect the process cost significantly. The single purity constraint on the residue 
concentration results in a large number of degrees of freedom, which allows the total 
membrane area to be allocated differently with similar overall process costs.
5.4.2 Enhanced Oil Recovery
In CO2 /CH4 separations for enhanced oil recovery, both the residue and permeate 
streams must satisfy composition requirements. As in the natural gas treatment 
case, we design optimal separation networks for two-stage, three-stage, and four- 
stage membrane systems. The same nominal parameters and feed conditions are 
used in this application.









































F = 15.819 S/Km3 
\  =  600.00 m2 
Wt = 57.69 KW 
0 =  98.87%
Figure 5.9: Two-stage system with membrane element area of 20 m2 (enhanced 
oil recovery).
Figure 5.8 shows the optimal design for the two-stage system with continuous 
membrane area, while Figure 5.9 shows the optimal design for a discrete membrane 
element area of 20 m2. The configurations are identical, but the total membrane area 
is slightly larger for the discrete area case. It is interesting to note that the larger 
membrane area in the discrete case results in over separation of the final permeate 
product. Optimal designs for the three-stage system with continuous membrane area 
and discrete membrane element area of 2 0  m2 are shown in Figures 5.10 and 5.11,
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Figure 5.10: Three-stage system with continuous membrane area (enhanced 
oil recovery).
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Figure 5.11: Three-stage system with membrane element area of 20 m2 (en­
hanced oil recovery).
respectively. The two configurations are identical with recycle of both permeate and 
residue streams. A detailed investigation of this configuration with continuous mem­
brane area is presented in Chapter 4. Using discrete membrane area significantly
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22.75 KW 3386 mol/s 
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Figure 5.12: Four-stage system with continuous membrane area (enhanced oil 
recovery).
changes the distribution of membrane area and the operating conditions, but it has 
little effect on the total membrane area. Note that the permeate purity constraint 
is exceeded in the discrete area case. Figures 5.12 and 5.13 show optimal designs for 
four-stage systems with continuous membrane area and discrete membrane element 
area of 20 m2, respectively. The configurations are identical and differ from the 
three-stage configurations (Figures 5.10 and 5.11) in that the fourth stage is used 
to further separate the second-stage permeate stream and the third-stage residue 
stream before recycling. As before, the discrete area design exceeds the permeate 
purity constraint.
The results in Figures 5.8-5.13 demonstrate that increasing the number of mem­
brane stages can significantly decrease the process cost. However, the separation
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Figure 5.13: Four-stage system with membrane element area of 20 m2 (en­
hanced oil recovery).
requirements on both the residue and permeate streams severely restrict the optimal 
process configuration and operating conditions.
5.5 Summary and Conclusions
An optimal design strategy for spiral-wound gas separation systems based on an 
algebraic permeator model and mixed-integer nonlinear programming (MINLP) has 
been developed. The proposed process synthesis approach utilizes a permeator sys­
tem superstructure which embeds a very large number of possible network configura­
tions. The superstructure is formulated as a MINLP problem and solved using stan­
dard optimization tools to yield the flowsheet which minimizes the annual process 
cost. Case studies for the separation of CO2 /CH 4 mixtures in natural gas treatment
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and enhanced oil recovery have been presented. Optimal designs based on a reason­
able estimation of process costs are derived for different number of membrane stages 
with both continuous and discrete membrane area. The results demonstrate that 
the proposed design methodology provides an effective tool for preliminary design 
of multi-stage membrane separation systems for binary gas mixtures.
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C hapter 6 
P rocess Synthesis for M ulticom ponent 
Gas Perm eator System s
6.1 Introduction
In Chapter 5, a MINLP synthesis strategy is developed by utilizing the binary perme- 
ator model for multi-stage membrane systems. A permeator system superstructure 
is used to simultaneously optimize the permeator configuration and operating condi­
tions. In this chapter, we extend the synthesis strategy to multicomponent systems 
by using the approximate multicomponent model. The permeator superstructure is 
modified to allow the feed-side pressure to be fixed or a design variable. Optimal 
designs are derived by solving a MINLP formulation which contains complex and 
highly nonlinear constraint equations. The methodology is applied to spiral-wound 
membrane systems separating acid gases (CO2 and H2S) from crude natural gas 
mixtures in natural gas treatment and enhanced oil recovery.
6.2 Problem Statement
The design task involves the determination of the optimal system configuration, 
as well as specification of the process unit sizes and operating conditions. For 
MINLP design, it is necessary to derive a permeator system superstructure which 
embeds all network configurations of practical interest, formulate the superstructure
121
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as a MINLP model, and develop a suitable solution methodology. To facilitate the 
subsequent development, the following assumptions are invoked:
1. The feed stream contains a multicomponent gas mixture at known conditions.
2. The feed-side pressure for each stage can be fixed at the feed pressure or 
treated as a design variable.
3. The feed-side pressure drop is negligible for each stage.
4. There is no pressure drop between permeation stages.
5. The permeate stream pressures between stages are design variables, while the 
product permeate stream pressure is predetermined.
6. All permeators and compressors operate at isothermal conditions.
It is possible to relax some of those assumptions at the expense of a more complex 
MINLP model.
6.3 Optimal Design Strategy
6.3.1 Permeator System Superstructure
The multicomponent superstructure is derived using similar rules as utilized to de­
velop the superstructure for binary gas permeator systems in Chapter 5. The only 
difference in the multicomponent formulation is that the fresh feed stream is com­
pressed if a different feed-side operating pressure is needed. As an illustration, the
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Residue




Permeator Mixer Splitter Compressor
Figure 6.1: Permeator system superstructure with three permeation stages.
superstructure for three separation stages is shown in Figure 6.1. Superstructures 
containing different number of separation stages are developed similarly.
6.3.2 M athematical Formulation and Solution Strategy
The multicomponent permeator system superstructure is formulated using the same 
general expression (5.1) as used for binary permeator systems. The major difference 
is that more constraint equations and variables are needed for the multicomponent 
case. The annual process cost is minimized subject to following types of constraints:
1 . material balance constraints.
2 . permeator model constraints.
3. composition sum constraints.
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4. operating requirement constraints.
5. logic constraints.
6 . discrete membrane area constraints.
7. nonnegativity and integrality constraints.
Detailed mathematical formulation of the objective function and constraint equa­
tions is presented in Appendix E .l. The resulting optimization problem is a mixed- 
integer nonlinear program (MINLP) which contains complex and highly nonlinear 
constraint equations. The MINLP solution provides the optimal system configu­
ration and unit sizes, as well as optimal operating conditions for each individual 
stream.
As in binary case, the MINLP model is solved using the GAMS solvers DI- 
COPT++ for the MINLP problem, CONOPT2 for the NLP problem, and XA for 
the MILP problem. The following case studies involve 700-2000 continuous vari­
ables, 20-70 discrete variables, and 700-2000 constraint equations. The local opti­
mum problem is addressed by initializing the variables at several different points, 
setting reasonable bounds on variables, and adjusting the DICOPT++ options to 
facilitate convergence to the global optimum. Nevertheless, there is no guarantee 
that the global optimum will be found using this procedure.
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6.4 Case Studies
The MINLP design strategy is used to derive optimal spiral-wound permeator net­
works for acid gas separations in natural gas treatment and enhanced oil recovery. 
The crude natural gas can be regarded as a binary mixture (CO2 and CH4 ), a 
four-component mixture (CO2 , H2S, CH4 , and heavier hydrocarbons C+H) or a 
five-component mixture (CO2 , H2S, CH4 , C2H6 , and heavier hydrocarbons CfH) 
depending on the natural gas composition and accuracy requirements. We do not 
include N2 as a separate component because the permeabilities of N2 and CH4 in 
cellulose acetate membrane are essentially identical [25, 53]. As a result, these com­
ponents will have the same distribution in various streams. We investigate multi­
stage permeator system design with different number of components while allowing 
the membrane area to be both a continuous variable and a discrete variable. The 
feed-side pressure is fixed or considered as a design variable with an upper limit.
The nominal economic parameters and operating conditions are obtained from 
Lee et al. [52, 53], Spillman et al. [72], and Babcock et al. [5].
•  Operating conditions
— natural gas processing capacity: t/foo =  10 m ol/s (19,353 m3 /day)
— product permeate pressure: p0ut = 0.105 MPa
— temperature: T  =  40° C
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— feed pressure Pf and feed concentration Xfo are specified in the different 
case studies
•  Operating requirements
— product residue CO2 concentration less than 2%
— product permeate CH4 concentration less than 5% (enhanced oil recovery 
only)
— outlet permeate pressure for each stage not less than 0.105 MPa
•  Membrane properties
— base component CH4 permeability: Qb/d =  1.48 x 10- 3  mol/MPa-m2s
— membrane selectivities: 
q(C0 2 /CH4 ) =  2 0  (all cases)
a(H 2S/CH4 ) =  16 (four- and five-component cases)
Q!(C+H/CH4 ) =  0.4 (four-component case) 
a(C 2H6 /CH4 ) =  0.4 (five-component case)
(^(CjH/CH4 ) =  0.1 (five-component case)
— pressure parameter: C" =  9.32 MPa2m2s/m ol
• Capital investment
— membrane housing: /mh =  2 0 0  $/m 2 membrane
— gas-powered compressors: /cp =  1000 $/KW
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— compressor efficiency: 77̂  =  70%
— working capital: / wk =  1 0 % of fixed capital investment
-  capital charge: / cc =  27% per year
•  Operating expenses
-  membrane replacement: fmr =  90 $/m 2 membrane
— membrane lifetime: tm =  3 years
— maintenance: f mt =  5% of fixed capital investment per year
-  working time: tWk =  300 days/year
-  utility and sale gas price: / sg =  35 $/K m 3
-  sales gas gross heating value: /hV =  43 M J/m3
— lost CH4 is converted to sales gas value
The gas volumes are calculated at standard conditions of 0.102 MPa and 273 K. The 
pressure parameter C" is an estimated value based on experimental data [52]. Note 
that limited permeability data have been published for the natural gas mixtures 
of interest. Therefore, the permeability coefficients used in this study have been 
derived from available information [25, 53, 58]. These values are consistent with 
data presented in more recent literature [1 1 ].




































Figure 6.2: Three-stage, two-component system using binary permeator model 
(enhanced oil recovery).
6.4.1 Two Component Mixture
In Chapter 5, the MINLP design strategy is applied to binary separations by utiliz­
ing an approximate binary permeator model. The multicomponent model also has 
been used to simulate binary separations with spiral-wound permeators (Chapter 
3). We have shown the models yield almost identical predictions for single-stage 
systems as the multicomponent model can be regarded as a generalization of the 
binary model. We compare these two models for the design of three-stage systems 
for enhanced oil recovery. In this case, the permeator feed-side pressure is chosen as 
the fresh feed pressure. Figures 6.2 and 6.3 show the optimal flowsheets obtained 
using the binary and multicomponent models, respectively. The configurations 
are identical, and the operating conditions are effectively identical with only small
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Figure 6.3: Three-stage, two-component system using multicomponent perme­
ator model (enhanced oil recovery).
differences in the permeator and compressor unit sizes. These results demonstrate 
the multicomponent MINLP design strategy reduces to the binary formulation when 
applied to binary gas mixtures.
6.4.2 Four Component Mixture
In this case, we assume the natural gas mixture is comprised of CO2 , H2S, CH4 , and 
heavier hydrocarbons C+H. The composition of the fresh feed is chosen as 19.0% 
CO2 , 1 .0 % H2S, 73.0% CH4 , and 7.0% C+H, and the fresh feed pressure is 3.5 MPa. 
These conditions are consistent with actual applications [52, 53]. As mentioned 
earlier, N2 is not explicitly included because it has the same permeability as CH4 in 
cellulose acetate membrane. The permeator feed-side pressure is taken as the fresh
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feed pressure. We apply the MINLP design strategy to both natural gas treatment 
and enhanced oil recovery applications.
For natural gas treatment, the CO2 concentration of the residue product must 
be no greater than 2%. No concentration constraint is placed on the permeate 
stream because it is a low grade fuel or a waste gas. Flowsheets with two and three 
separation stages which minimize the annual cost are synthesized. A configuration 
with continuous membrane area provides a lower bound on the annual cost for a 
particular number of separation stages.
The optimal flowsheet for a two-stage system with continuous membrane area 
is shown in Figure 6.4, while the corresponding result for a discrete membrane 
element area of 20 m2 is shown in Figure 6.5. The system configurations for the 
two cases are identical, while the operating conditions are significantly different. 
The membrane area for each individual stage is different, but the total membrane 
area is very similar. The total compressor power and CH4 recovery differ because of 
the different distribution of membrane area. As expected, the process cost for the 
discrete area case is slightly higher than that obtained for continuous area. Note 
that both configurations satisfy the 2% CO2 purity constraint placed on the product 
residue stream.
Figure 6.6 shows the optimal flowsheet for a three-stage system with continuous 
membrane area. This design represents a slight modification of the two-stage con­
figuration (Figure 6.4) in which a small third-stage permeator is used to separate
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Figure 6.4: Two-stage, four-component system with continuous membrane 







F= 11.112 S/Km3 
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Figure 6.5: Two-stage, four-component system with membrane element area 
of 2 0  m2 (natural gas treatment).
the second-stage permeate stream. The total process cost is slightly lower than that 
of the two-stage system because of increased CH4 recovery. The optimal flowsheet 
for a three-stage system with discrete membrane element area of 2 0  m2 is shown in 
Figure 6.7. In this case, the system configuration is different from that obtained for 
the continuous area case (Figure 6 .6 ) in that the third-stage residue stream recy­
cles to the second stage rather than the first stage. Even though the process costs




















F= 10.971 S/Km3 
Aj = 394.00 m2 
Wt = 12.61 KW 









































Figure 6 .6 : Three-stage, four-component system with continuous membrane 
area (natural gas treatment).
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Figure 6.7: Three-stage, four-component system with membrane element area 
of 2 0  m2 (natural gas treatment).
for the two configurations are very similar, the distributions of membrane areas 
and CH4 recoveries are significantly different. As a result, different flow rates and 
compositions of residue and permeate products are obtained.














Figure 6 .8 : Three-stage, four-component system with membrane element area 
of 2 0  m2 (enhanced oil recovery).
As in the binary case, the process costs and total membrane areas for different 
numbers of stages are very similar even though membrane areas of individual stages 
and operating conditions are quite different. Increasing the number of membrane 
stages does not affect the process cost significantly.
In acid gas separations arising in enhanced oil recovery, both the residue and 
permeate streams must satisfy composition constraints. We design optimal separa­
tion networks for three-stage and four-stage membrane systems. Figures 6 . 8  and 6.9 
show the optimal designs for three-stage and four-stage systems, respectively, with 
a discrete membrane element area of 20 m2. Results for continuous membrane area 
are not presented for the sake of brevity. Both configurations are identical to the 
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Figure 6.9: Four-stage, four-component system with membrane element area 
of 2 0  m2 (enhanced oil recovery).
H2S and permeate product concentration of C+H are small compared to the major 
components CH4 and C 02. Note that increasing the number of membrane stages 
can significantly decrease the process cost because the separation requirements on 
both the residue and permeate streams severely restrict the optimal flowsheet.
6.4.3 Five Component Mixture
The MINLP design strategy is applied to a five-component natural gas mixture to 
investigate its robustness for wider variations in membrane selectivities and stream 
compositions. We choose the feed compositions for an enhanced oil recovery appli­
cation [52, 53]: 19.5% C 02, 0.5% H2S, 73.0% CH4 , 4.0% C2H6, and 3.0% heavier
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Figure 6.10: Three-stage, five-component system with continuous membrane 
area (enhanced oil recovery).
hydrocarbons CfH . The feed-side pressure is chosen as the fresh feed pressure 
(3.5 MPa). Figures 6.10 and 6.11 show the optimal design obtained for three-stage 
and four-stage systems, respectively, with continuous membrane area. The config­
uration in Figure 6.10 is identical to that in Figure 6.8, while the configuration in 
Figure 6.11 is very similar to that in Figure 6.9. The major difference from the 
four-component case is that small concentrations of H2S in the residue products 
(about 0.08%) and C j H in the permeate product (about 20 ppm) are observed. 
These results indicate that the proposed MINLP design model and optimization 
procedure are sufficiently robust to synthesize permeator systems with very small 
stream concentrations.
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Figure 6.11: Four-stage, five-component system with continuous membrane 
area (enhanced oil recovery).
6.4.4 Optimization o f Feed-Side Pressure
To generate the previous results, we assumed a relatively high fresh feed pressure 
and set the permeator feed-side pressure equal to the fresh feed pressure. In some 
applications, optimization of feed-side pressure may be necessary to enhance process 
economics. The optimal feed-side pressure represents a trade-off between compres­
sor power and total membrane area. Furthermore, an upper limit on the pressure 
must be imposed due to material and mechanical limitations of the equipment. We 
investigate feed-side pressure optimization by utilizing the feed stream compressor 
in the permeator system superstructure (Figure 6.1). The four-component natural











3.47% HjS '  
26.77% CH4 
0.97% C H
Figure 6.12: Feed-side pressure optimization for three-stage, four-component 
system (natural gas treatment).
gas mixture (19.0% CO2, 1.0% H2S, 73.0% CH4, and 7.0% C+ H) is available at a 
low pressure (0.105 MPa). The upper limit for the feed-side pressure is 5.0 MPa. 
Figure 6.12 shows the optimal design of a three-stage configuration with continu­
ous membrane area for natural gas treatment, while Figure 6.13 shows the optimal 
four-stage configuration with continuous membrane area for enhanced oil recovery. 
In each case, a relatively large fresh feed compressor is needed but the permeator 
connections are very similar to the previous cases (Figure 6.7 and 6.9). Note that 
the feed-side pressure goes to the upper limit for the economic parameters chosen. 
A lower pressure can be obtained for different economic parameters. Also note that 
the superstructure shown in Figure 6.1 may introduce multiple compressors which 
could be combined into a single compressor. A different superstructure is needed to 
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Figure 6.13: Feed-side pressure optimization for four-stage, four-component 
system (enhanced oil recovery).
6.5 Summary and Conclusions
An optimal design strategy utilizing an algebraic permeator model and mixed-integer 
nonlinear programming (MINLP) has been developed for membrane systems sep­
arating multicomponent gas mixtures. The process design approach is based on 
a permeator system superstructure which embeds a very large number of possible 
network configurations. The superstructure is formulated as a MINLP model and 
solved using standard optimization tools to yield the flowsheet which minimizes the 
annual process cost. Case studies have been presented for spiral-wound permeators 
separating acid gases (CO2 and H2S) from crude natural gas mixtures in natural 
gas treatment and enhanced oil recovery. Optimal designs are derived for different
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number of membrane stages with both continuous and discrete membrane area. 
Optimization of the feed-side pressure also is investigated. The results demonstrate 
that the proposed design methodology provides an effective tool for preliminary de­
sign of multi-stage, multicomponent gas membrane systems, including those with 
very small component concentrations.
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C hapter 7 
C onclusions and R ecom m endations
The economic viability of gas membrane separation processes depends critically on 
process design. The competitiveness of membrane systems can be enhanced by 
developing improved modeling and design techniques. Available spiral-wound per­
meator models have several shortcomings including poor prediction accuracy and/or 
computational inefficiency. Existing sequential design techniques yield suboptimal 
flowsheets when multiple permeation stages are required.
In this research, more effective modeling and design techniques for spiral-wound 
membrane systems used to separate binary and multicomponent gas mixtures have 
been developed. The approximate permeator models are well suited for process de­
sign because the resulting nonlinear algebraic equations can be solved very efficiently 
and provide excellent prediction accuracy over a wide range of operating conditions. 
The nonlinear programming (NLP) design technique is used to optimize operating 
conditions and analyze parameter sensitivities for a prespecified permeator configu­
ration. The mixed-integer nonlinear program m ing (MINLP) design strategy allows 
simultaneous optimization of permeator configuration and operating conditions to 
minimize the total process cost. Both modeling and design methodologies are suf­
ficiently robust to handle gas separations with very demanding requirements. This 
work has yielded five journal papers (four published and one submitted) and three
140
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conference presentations which are listed in Appendix F. To more fully conclude 
this work, it is necessary to provide a brief synopsis of each general area and provide 
recommendations for further research.
7.1 Permeator Modeling
Chapter 2 presents an approximate modeling technique for spiral-wound permeators 
separating binary gas mixtures. The approach is based on the assumption that the 
residue flow rate is constant in the direction of permeate flow. The approximate 
model is derived by applying this assumption to a standard fundamental model 
[57]. The original boundary value problem is reduced to a more tractable problem 
involving a small number of nonlinear algebraic equations. Additional justification 
for the modeling technique is obtained via comparison to one-point collocation. A 
nonlinear programming strategy for estimating unknown/uncertain parameters from 
experimental data also has been proposed. A case study of CO2/CH4 separations 
has shown that the proposed model yields accurate predictions with considerably 
less computing time than the fundamental model.
Chapter 3 presents two multicomponent models for spiral-wound permeators. It 
appears that they are the only multicomponent spiral-wound models in the open 
literature which account for permeate-side pressure variations. The basic transport 
model is derived from fundamental material balances and permeation relations, while 
the approximate model is derived directly from the basic model by assuming the 
residue flow rate is constant along the direction of permeate flow. The approximate
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model is developed by using Gaussian quadrature to approximate integral expres­
sions and the fourth-order Runge-Kutta-Gill algorithm to solve the initial value 
problem for the feed-side flow rate and compositions. The two models are compared 
for the separation of CO2 from hydrocarbons in a four component mixture, as well 
as the separation of an eight component mixture. The models show close agree­
ment for a wide range of operating conditions. In addition, a simple method for 
estimating uncertain/unknown model parameters from experimental data has been 
proposed and successfully applied to a CO2/CH4 mixture.
On the basis of their accuracy and efficiency, the binary and multicomponent ap­
proximate models are well suited for preliminary simulation and design of complex 
membrane separation systems. However, some assumptions used in the development 
of the basic transport models may potentially limit their applicability. Issues need­
ing further consideration include: (*) flow resistance due to the porous support of 
the asymmetric membrane [56]; (it) longitudinal mixing on the feed side [56]; (tit) 
radial mixing on the permeate side [49]; (iv) pressure and concentration dependent 
permeabilities [79]; and (v) nonisothermal operation [22]. The impact of each effect 
on permeator performance and approximate model development needs to be inves­
tigated to determine an appropriate compromise between prediction accuracy and 
computational efficiency.
Approximate models also should be developed for hollow-fiber membrane perme­
ators because associated fundamental models are comprised of nonlinear ordinary
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differential equations with mixed boundary conditions. Although several approx­
imate modeling methods such as driving force approximation [17, 50, 62], finite 
differences [20, 50], orthogonal collocation [39] and finite elements [74] have been 
proposed, existing models need to be evaluated and improved for process design. 
The objective should be to derive models which are sufficiently accurate for predic­
tion of permeator performance and computationally efficient for process design and 
optimization.
7.2 Membrane System Design
Chapter 4 presents a design strategy for spiral-wound membrane systems based 
on the approximate binary permeator model and nonlinear program m ing (NLP). 
The design method is applied to the separation of CO2/CH4 mixtures in natural gas 
treatment and enhanced oil recovery. Parameter sensitivities of the proposed designs 
have been investigated by changing operating conditions, membrane properties, and 
economic parameters. The NLP design strategy provides an efficient methodology 
for optimization of operating conditions for multistage membrane systems, including 
those with stringent separation requirements.
Chapter 5 presents an optimal design strategy based on the approximate binary 
permeator model and mixed-integer nonlinear program m ing (MINLP). The pro­
posed process synthesis approach utilizes a permeator system superstructure which 
embeds a very large number of possible network configurations. The superstructure 
is formulated as a MINLP problem and solved using standard optimization tools to
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yield the system configuration and operating conditions which minimize the annual 
process cost. The design strategy is studied for the separation of CO2/CH4 mixtures 
in natural gas treatment and enhanced oil recovery.
In Chapter 6, the MINLP design strategy is extended to multicomponent mem­
brane systems by using the approximate multicomponent model. Case studies have 
been presented for spiral-wound permeators separating acid gases (C02 and H2S) 
from crude natural gas mixtures in natural gas treatment and enhanced oil recovery. 
For binary and multicomponent mixtures, optimal designs are derived for different 
number of membrane stages with both continuous and discrete membrane area. 
Optimization of the feed-side pressure also is investigated. The results demonstrate 
that the proposed MINLP design methodologies can be effectively used for design 
of multi-stage gas membrane systems, including those with very small component 
concentrations.
The proposed NLP and MINLP design strategies provide systematic frameworks 
for the design and optimization of membrane gas separation systems. They are 
most appropriate for deriving preliminary designs due to the approximate nature 
of the permeator models and cost functions. A potential problem is that the NLP 
and MINLP formulations usually yield nonconvex optimization problems. As a re­
sult, the solutions obtained by GAMS solvers such as CONOPT and DICOPT++ 
only represent local optima. In this work, the problem is addressed by initializing 
variables at several different points, setting reasonable bounds on variables, and/or
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adjusting the solver options to facilitate convergence to the global optimum. How­
ever, this approach does not ensure the global optimum will be found.
There are two possible approaches to handle the nonconvexity problem in perme­
ator system design. The first approach utilizes convexification procedures to  reduce 
the number of nonconvexities in the MINLP model [31, 36, 43]. This should improve 
the performance of MINLP solvers such as DICO PT++, although convergence to 
the global optimum can be ensured only if all nonconvexities are removed. The 
second approach involves the use of global solution algorithms for MINLP problems 
[1, 30, 70]. Unlike solvers such as DICOPT+-F, these algorithms ensure convergence 
to the global optimum in the presence of nonconvexities. Unfortunately, existing 
global optimization methods are applicable only to relatively restrictive classes of 
nonconvex MINLP problem [70]. Further research on global optimization procedures 
for membrane systems are needed.
Another software package, MINOPT (Mixed Integer Nonlinear OPTimizer), has 
been developed for the solution of MINLP problems [28]. MINOPT is a comprehen­
sive and flexible optimization package which can solve MINLP formulations using 
a variety of algorithms including generalized benders decomposition, outer approxi­
mation with equality relaxation, and generalized cross decomposition. It also allows 
solution of MINLP models with differential and algebraic constraints using specified 
process simulators and ordinary differential equation solvers. The proposed mem­
brane system design strategies can be further tested using MINOPT. Unfortunately,
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it appears that MINOPT can only handle differential equation constraints of the 
initial-value type. As a result, it will be difficult to use the basic transport models 
for membrane system design because of the algebraic-differential-integral equations 
with mixed boundary conditions.
Further improvement for MINLP design is the development of improved perme­
ator system superstructures. The superstructures proposed in this work are appro­
priate for applications in which there are two product streams. In some applica­
tions (especially for multicomponent mixtures), process economics may necessitate 
the production of multiple product streams. More general superstructures need to 
be developed to handle such applications. Moreover, the proposed permeator su­
perstructures need to be modified to minimize the number of compressors and to 
enhance computational efficiency of the resulting MINLP problem.
To facilitate industrial application of the proposed methodology, an integrated 
software package could be developed to provide process engineers access to the mod­
eling and design codes. The resulting simulator would allow engineers to evaluate 
the economic feasibility of membrane systems, determine the process flowsheet for 
preliminary design, and compare and optimize membrane system performance for 
different economic and operating conditions. The software package would offer the 
following capabilities:
1. A database of permeator properties such as membrane permeabilities and 
permeate pressure drop parameters.
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2. Simulation of single-stage and multi-stage configurations separating binary 
and multicomponent mixtures.
3. Optimization of operating conditions for a specific multi-stage configuration.
4. Optimal design of multi-stage configurations for binary and multicomponent 
gas separations.
To make the program easy to use, a graphical user interface (GUI) can be used to 
input information and display results. The output could be presented in a spread­
sheet and graphics format which shows the process flowsheet, operating conditions, 
and economic parameters. A flexible link to different optimization solvers such as 
those in GAMS will be an essential part of the software package.
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A ppendix A  
Supplem ent to  Chapter 2
A .l One-Point Collocation Method
One-point collocation method is applied to the fundamental permeator model of 
Pan [57]. Only a brief presentation of the technique is provided here; detailed 
descriptions of the collocation method are available elsewhere [26, 6 6 ]. The solution
of the differential equations (2.1)-(2.3) is approximated as,
7 2 (h) 2  l 2(h i ) l i ( h ) + j2(h2)l2(h) (A.l)
9(h) “  9(hl )l[(h) +  9(hi2)l,2(h) (A.2)
9(h)y(h) “  9(hi)y(hl)l[(h)+9(h^)y(h!2)l,2(h) (A.3)
where the coefficients 7 (hi), 9(hi), and y(hi) are function values at the collocation
point hi, and U(h) and l[(h) are Lagrange interpolation polynomials. The first
collocation point is hi =  0.5, and the second point is chosen according to the 
boundary condition as h’2 =  0 or hi =  1. The Lagrange polynomials are:
ii(ft) = sr=^ = -2(ft-1) (A-4)
h(h) =  =  2(/i — 0.5) (A.5)
it 2 — ftl
« h )  -  S =2A (A -6)
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« h > -  ^  "  ° ' 5)
The boundary conditions (2.5)-(2.6) are enforced as:
Therefore, the approximate solution is:
The derivatives of the Lagrange polynomials are:
(A.T)
7(A 2)=7o, » ( /> y = 0 , =  0 (A.8)
■f(h) Si r ‘{hl )k(h) +  'i}l2{h) (A.9)
9(A) Si 0(hi)l[(h) (A.10)
9(A)»(A) as 9(A1)y(Al)('I(A) (A.11)
m = . 2, * m = 2 , m . „ 3 ( A . 1 2 )
ah ah ah
By using the approximate solution to evaluate the derivatives, the differential equa­
tions (2.1)-(2.3) are reduced to:
- 2 7 2 (/h) +  27o2 =  -CB{hx) (A.13)
2 0(/ix) =  1 - M h i )  (A.14)
2Q(hi)y(hi) =  xf -  x ^ h ^ r ih x )  (A.15)
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These algebraic equations can be written as:
7 2(A i )  =  t 5 + I c p - M M  <A -16)
m )  =  x' ~ , x' i h‘/>f \ (hl> (A-17>1 — <Pr(fli)
8 (h ) =  j [ l - A . ( M  (A-18)
Similar to the proposed modeling technique, the values y'fihi), 7 (hx), <pr(hi), and 
y'rihi) are determined via simultaneous solution of the nonlinear algebraic equations 
(2.7), (A.16), (2.15), and (2.19). The effluent permeate flow rate is:
0O =  Q{hx)li(/i2) =  29{hx) =  1 -  <f>r(hi) (A.19)
The effluent permeate concentration is detemined as:
.. _  0(fci)v(fti)/i(J*2) _ X _  xf  -  X r(hl)M hl) , . om
2/o — 75 — 0 J/(hi)ti(/i2 ) — y\h\) — . (A.20)0O 2 1 -  0r(hi)
Note that the approximate models obtained with the proposed technique when 
M  =  1 and one-point collocation are identical with the exception of the pressure 
distribution functions in (2.30) and (A.16).
A .2 List of Symbols
a, b dimensionless constant defined by equation (2.9)
B  permeability of the spacing materials inside the spiral-wound leaf (m2)
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C  dimensionless constant defined by equation (2.4)
C' constant defined by equation (2.32) (Pa2-s/mol)
d  effective thickness of membrane (m)
dm membrane leaf thickness (m)
h =  l/L , dimensionless leaf length variable
hi quadrature points of h
I membrane leaf length variable (m)
li, l2 Lagrange interpolation polynomials
l[, l2 Lagrange interpolation polynomials
L membrane leaf length (m)
M  number of quadrature points of 6q and t/q
N  number of quadrature points of the integral I(7 , i/r)
number of independent experiments in parameter estimation 
P  feed-side pressure (Pa)
p  permeate-side pressure (Pa)
Po permeate outlet pressure (Pa)
Qi permeability of the more permeable component (mol/m-s-Pa)
Q2 permeability of the less permeable component (mol/m-s-Pa)
R  dimensionless permeation factor defined by equation (2.10)
R ' constant defined by equation (2.33) (mol/Pa-s)
Rg ideal gas constant (mz-Paf kg-mol-K)
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s =  w /W , dimensionless leaf width variable
T  temperature (K)
Uf feed gas flow rate per membrane leaf (m ol/s)
Uq residue gas flow rate per membrane leaf (m ol/s)
u feed-side gas flow rate per unit length of membrane leaf (mol/s-m )
Uf feed gas flow rate per unit length of membrane leaf {mol/s-m)
Ur residue gas flow rate per unit length of membrane leaf {mol/s-m)
V  permeate flow rate {mol/s)
Vo permeate flow rate at permeate outlet {mol/s)
Vi covariance matrices in parameter estimation
va permeate flow rate per unit length averaged over the width of the
membrane {mol/s-m)
W  membrane leaf width (m)
w membrane leaf width variable (m)
Wi, Wj quadrature weights
x local feed-side concentration (mole fraction)
Xq bulk residue stream concentration at outlet (mole fraction)
Xf feed concentration (mol fraction)
xr local residue concentration along outlet end of the leaf (mole fraction)
y permeate concentration in the bulk permeate stream, (mole fraction)
yo permeate concentration in the bulk permeate stream at the permeate
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outlet (mole fraction) 
yf local permeate concentration on the membrane surface, (mole fraction)
y'a local permeate concentration averaged over the width of the membrane
(mole fraction)
j/f local permeate concentration along inlet end of the leaf (mole fraction)
yj local permeate concentrations at quadrature points (mole fraction)
yfT local permeate concentration along outlet end of the leaf (mole fraction)
Zi experimental data sets expressed in equation (2.42)
Zi estimated data sets expressed in equation (2.42)
a  =  Q 1/Q 2 , membrane selectivity
7  = p /P ,  ratio of permeate pressure to feed pressure
To =  Pq/P ,  ratio of permeate pressure to feed pressure at permeate outlet
li viscosity of gas mixture (Pa-s)
0 =  V/Uf, ratio of permeate flow to feed flow
do =  V0/U f, ratio of permeate flow to feed flow permeate outlet
€j standard quadrature points expressed in equation (2.17)
<t> = u /u f , dimensionless feed-side gas flow rate
<f>r =  ur/u j , dimensionless residue gas flow rate
Vo =  Uo/Uf, ratio of residue outlet stream flow to feed flow
v  estimated parameters expressed in equation (2.43)
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A ppendix B  
Supplem ent to  Chapter 3
List of Symbols
Ai dimensionless constant defined by equation (3.24)
B  permeability of the spacing materials inside the spiral-wound leaf (m2)
Bi dimensionless constant defined by equation (3.25)
C  dimensionless constant defined by equation (3.13)
d effective thickness of membrane (m)
dm membrane leaf thickness (m)
h =  l/L , dimensionless leaf length variable
hk quadrature points of h
I membrane leaf length variable (m)
L membrane leaf length (m)
M  number of quadrature points of 0O and y,-,o
N  number of quadrature points of the integral / ( 7 , y'i r)
number of independent experiments in parameter estimation 
n total number of components
P  feed-side pressure (Pa)
p permeate-side pressure (Pa)
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Po permeate outlet pressure (Pa)
Q i  permeabilities of the i-th permeable component (mol/m-s-Pa)
Qb permeability of the base component (mol/m-s-Pa)
r  dimensionless permeation variable defined by equation (3.12)
R  dimensionless permeation factor defined by equation (3.28)
Rg ideal gas constant (m3-Pa/kg-mol-K)
s =  w /W , dimensionless leaf width variable
T  temperature (K)
Uf feed gas flow rate per membrane leaf (m ol/s)
Uq residue gas flow rate per membrane leaf (m ol/s)
u feed-side gas flow rate per unit length of membrane leaf (mol/s-m)
Uf feed gas flow rate per unit length of membrane leaf (mol/s-m)
ur residue gas flow rate per unit length of membrane leaf (mol/s-m)
V  permeate flow rate (mol/s)
Vq permeate flow rate at permeate outlet (m ol/s)
va permeate flow rate per unit length averaged over the width of the
membrane (mol/s-m)
W  membrane leaf width (m)
w membrane leaf width variable (m)
Wj quadrature weight
Xi local feed-side concentration (mole fraction)
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art|0 bulk residue stream concentration at outlet (mole fraction)
Xij feed concentration (mol fraction)
xt,r xi along the outlet end of the membrane leaf (mole fraction)
yi permeate concentration in the bulk permeate stream (mole fraction)
Vija Vi at the permeate outlet (mole fraction)
j/i local permeate concentration on the membrane surface (mole fraction)
yfi a local permeate concentration averaged over the width of the membrane
(mole fraction)
y [j y[ along the inlet end of the membrane leaf (mole fraction)
y'ij y( at the j - th  quadrature point (mole fraction)
y'i>r y'i along the outlet end of the membrane leaf (mole fraction)
y1 composition variable defined by equation (3.17)
y'j y1 value at the feed inlet
ŷ  y' value at the residue outlet
y'j y' value at j- th  quadrature point
oci =  Qi/Qb, membrane selectivity for z'-th component
7  = p / P ,  ratio of permeate pressure to feed pressure
7o =  Po/ P j ratio of permeate pressure to feed pressure at permeate outlet
// viscosity of gas mixture (Pa-s)
Q =  V/Uf,  ratio of permeate flow rate to feed flow rate
do =  Vo/Uf, ratio of permeate flow rate to feed flow rate at permeate outlet
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£j standard quadrature point
<f> = u / u f ,  dimensionless feed-side gas flow rate
<f)j dimensionless feed-side gas flow rate at j-th quadrature point
<t>T =  Urfuf, dimensionless residue gas flow rate
$,• function expressed by equations (3.44) and (3.45)
function expressed by equation (3.46)
#  function expressed by equation (3.47)
r/o =  Lq/U j , ratio of residue outlet stream flow rate to feed flow rate
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A ppendix C 
Supplem ent to Chapter 4
C .l Example of NLP Formulation
As an illustration, the formulation of the nonlinear optimization problem for a three- 
stage system with permeate and residue recycle ( Figure 1.3g) for the enhanced oil 
recovery application is presented. The objective function represents the annual 
process cost of the membrane system. The operating requirements, material bal­
ances for each mixing point, and model equations for each permeator are posed as 
constraints. The nonlinear program m ing problem is solved with GAMS/CONOPT 
software running on an IBM RS-6000 workstation. It is important to note that the 
formulation usually yields a nonconvex optimization problem. As a result, the so­
lution obtained represents a local optimum. This problem is addressed by checking 
several initial conditions. A single solution typically is obtained in a few seconds.
A nnual P rocess C ost
The annual process cost is expressed as:
F  =  [/ccU +  A lk)Ffc + Fjnr “I" fmtFfc "b F« + F J / i U f f U )  (C .l)
165
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Fixed capital investment:
3
Ffc ~  fmh ^  •dn "H fcpWcp/l]cp
n=1
Expense of membrane replacement:
TO n=l
Cost of utilities:
F u t =  f s g t i o k W c p / i f h v V c p )
Value of lost gas:
F p l =  f a g t w k V o A 1 ~  2/0 ,3 ) / ( 1  — ^ 0 ,2 )
Compressor power [61]:
Wcr =  R , T ' £ V a<r, \ n { — \
n=l \P0,nJ
O perating R equirem ents
r 0,2 <  0.02
1/0 ,3  > 0.95
Po,n >  0.105
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M aterial B alances for M ixing P oin t
Ufti =  Uffi +  Vqp 4- Uot (C.ll)
=  Ufjaxfja 4- Vo^yo  ̂+  C/0,3̂ 0,3 (C.12)
Ufa =  C/0,1 (C.13)
Xfa =  ^o,i (C.14)
Ufa =  V0A (C.15)
X f a  =  2/0 ,1  ( c -1 6 )
M odel E quations for Perm eator n
U f ,n =  U0,n +  V0,n (C .1 7 )
U f tnXf,n =  C/o,nXo,n 4" ^0,nZ/0,n (C .1 8 )
c n =  C " U f,n/ ( A nP 2) (C .1 9 )
R n  =  (Q 2/ d ) A nP / U f , n (C .2 0 )
Vo,n =  U f,n90,n (C .2 1 )
P o ,n  =  ■f>7o,» (C .2 2 )
7 n =  7 02,n + 0 .3 7 5 C 'n ( l - < M  (C .2 3 )
On =  [7 n (a  -  1) 4- l ] / [ ( a  -  1 ) (1  -  7 « )]  (C .2 4 )
6n =  [7 n (a  -  1) -  0 t ] / [ ( a  — 1 ) (1  — 7 n )] (C .2 5 )
y 'j ,n  =  y 'f ,n  +  Z j( y 'r ,n  ~  2//.J (C.26)




a ( l  -  l n ) R n
yr,n/(! “  y'r,n)
@Q,n 
VO,n
N on n egativ ity  C onstraints
H f ,m  U o ,m  ^ 0 ,n , P o ,m  A i i  B n i  C n  
o <  Xf,n, x0 yo,n, y'f n, y'>n, xr<n
0 —  @0,nj 70,n> 7n» 0 r,n »  $ j ,n
7i =  1 , 2 , 3 j  j  — 1 , 2 , 3
C.2 List of Symbols
a dimensionless constant defined by equation (2.9)
A  membrane area (m2)




W, J  V1 -  y/,n/ V“ -  (a -  WfJ (C.27) 
(C.28)
/ < n\ -  / I  — f a  — (a — i y r \
UJ U-aJ U-(«-w,J (c *
a  -  (a -  l)y />n -  [at -  (a  -  l)y'r<n]<t>r,n -  (a -  l) /«  (C.30)
(Vr,n y f ,n) ^  ^  $ j ,n ^ j > 
j=l
ktl
— a ( X / jn 7 n Z //jn ) / [ l  £ / , n  7 n ( l  V 'f,n )]
=  Q:(a;r)„  — 7 n J/r , n ) / [ l  — X r,n  ~  7 n ( l  ~  2/r.n)] 




— X TyTl(j)r j ^ )  /  ( 1  0 r ,n ) (C.34)
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6 dimensionless constant defined by equation (2.9)
C dimensionless constant defined by equation (2.4)
C " permeate-side pressure parameter defined by equation (4.1) (MPa2s/mol)
d thickness of membrane skin (m)
dm membrane leaf thickness (m)
fee annual capital charge (%)
fcp capital cost of gas-powered compressors ($/KW)
fh v sales gas gross heating value (MJ/m3)
fm h capital cost of membrane housing ($/m2 membrane)
fm r expense of membrane replacement ($/m2 membrane)
fm t maintenance rate (%)
fsg utility and sales gas price ($/Km3)
fw k working capital rate (%)
F annual process cost ($/Km3)
h =  l / L ,  dimensionless leaf length variable
I membrane leaf length variable (m)
L membrane leaf length (m)
n permeator stage number in a configuration
N number of quadrature points of the integral / ( 7 , y'r)
P feed-side pressure (MPa)
P permeate-side pressure (MPa)
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Po permeate-side pressure at permeate outlet (MPa)
Po,n permeate outlet pressure for permeator n (MPa)
Qi permeability of the more permeable component (mol/m-s-Pa)
Q2 permeability of the less permeable component (mol/m-s-Pa)
R dimensionless permeation factor defined by equation (2.10)
Rg ideal gas constant (m3-Pa/kg-mol-K)
tm membrane life (years)
t-wk annual working time (days)
T temperature (K)
uf feed gas flow rate for each permeator (mol/s)
feed gas processing capacity (mol/s)
U0 residue gas flow rate for each permeator (mol/s)
u feed-side gas flow rate per unit length of membrane leaf (mol/s-m)
U f feed gas flow rate per unit length of membrane leaf (mol/s-m)
UT residue gas flow rate per unit length of membrane leaf (mol/s-m)
Vii permeate flow rate at permeate outlet (mol/s)
w membrane leaf width (m)
W cp compressor power (KW)
W j quadrature weights
X local feed-side concentration (mole fraction)
Xq bulk residue stream concentration (mole fraction)
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Xf feed concentration (mol fraction)
XT x  along residue outlet of membrane leaf (mole fraction)
yo bulk permeate stream concentration at permeate outlet (mole fraction)
T/ local permeate concentration on the membrane surface (mole fraction)
y / y7 along feed end of membrane leaf (mole fraction)
y7 at quadrature point j  (mole fraction)
l/r y1 along outlet end of membrane leaf (mole fraction)
a =  Q1/Q21 membrane selectivity
7 =  p/P,  ratio of permeate pressure to feed pressure
7o =  Po/P,  ratio of permeate pressure to feed pressure at permeate outlet
P viscosity of gas mixture (Pa-s)
Oo =  Vq/ U f ,  ratio of permeate flow to feed flow at permeate outlet
6 quadrature points
<f> = u/uf ,  dimensionless feed-side flow rate
<t>T =  ur/uf ,  dimensionless feed-side flow rate at residue outlet
Vcp compressor efficiency (%)
Subscripts
j index of quadrature point
n index of membrane stage
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A ppendix D  
Supplem ent to  Chapter 5
D .l Other Constraints for MINLP Formulation
The formulations for permeator model constraints, logic constraints, as well as non­
negativity and integrality constraints are presented as below.
P erm eator M odel C onstraints
In the permeator model, the following equations are used to define parameters:
c„  =  C "U ,J(A „P 2), n =  l , - . . ,JV (D.l)
Rn =  (Q2 /d)AnP/U,,„, n =  l , - - , N  (D.2)
Vo,n =  Uf,n0O,n, 71 =  1, • • •, N  (D-3)
Po,n =  PlQ,n, n =  1, • • • , N  (D.4)
« . =  c l - V d 1 - ^ ) ’ (D-5>
6 ”  -  a£-w-Zy n  =  1 ' - ' j V  ( a 6 )
The permeate-side pressure distribution is obtained from (2.13) by using a single 
quadrature point at hi =  0.5 [66],
7n =  7o,n +  °-375Cn (1 -  4>r,n) , n =  1, • • •, N  (D.7)
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The dimensionless feed-side flow rate <f> at each quadrature point j  and the residue 
outlet, and the integral term I  are expressed as follows:
y'j,n =  yt,n +  S M ,n -y t,n ) i  i  =  n =  ! ,*•• ,  N  (D-8)
0r,n = ( i ) “ (K fe f  ID,°’
M
=  ( y r ,n - y { ,n ) Y i^ WV n =  l , - - - , N  (D.ll)
j=1
The relation (2.19) for the dimensionless permeation factor is written as:
a i l - ' y ^ R n  =  Q ! - ( Q : - l ) y ^ n - [ a - ( Q ! - l ) y ' tn] 0 r in - ( Q : - l ) / n , n =  l , - - - , N  (D.12)
The relation (2.7) is needed for both feed and residue ends of the permeator:
=  afar. - T.yj.J . . .  ,
W r,„ !> <D13>
—£» -  =  ___-  7.y,,„)________  n =  i  . . .  N  (D 14)
The flow rate and concentration of the effluent permeate stream from each stage are 
given by (2.28) and (2.29):
00,n =  l - 0 r ,», n =  l , . . . ,AT (D.15)
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- f̂,n ^r.n^r,n »r /t-v -i=  ,— T—  » n =  l , - - - , N  (D.16)
1 0r,n
The flow rate and concentration of the effluent residue stream are constrained by 
material balance equations.
Logic C onstraints
Logic constraints are placed on binary variables associated with the existence or 
nonexistence of various interconnections. The first type of logic constraint forces 
the flow rate to be zero if the associated connection is not utilized (Z =  0). If the 
connection is utilized (Z =  1), the corresponding constraint is relaxed to allow the 
flow rate to assume any value up to an upper bound (Uv). These logic relations for 






The second type of logic constraint forces the binary variable to be zero if the asso­
ciated flow rate becomes zero. If the connection is utilized, the corresponding flow 
rate can assume any value greater than a lower bound (UL). These logic relations
Ufo,n -  UUZ™ < 0, n =  1,• • ■,N
up,n -  u vz ? < 0, n =  1,• • - ,N
Vp,n -  U " Z ? < 0, n =  1, • • • ,N
Ub,m,n -  U^Z^n < 0, m =  1, •
Vb,m,« -  U”Z £ n < 0, 7 7 1 =  1, • " , N ;
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are expressed as:
U^n-U'-Z™  >  0 , 7 1 =  1, • • • , iV (D.22)
(D.23)
(D.24)
In practice, IP is a small positive value which is chosen as the minimum flow rate 
allowed in the system.
The final type of logic constraint is associated with the outlet permeate pressure 
for each stage. If the outlet permeate stream goes to final product stream mixer, 
the permeate pressure must equal the product pressure. If the permeate stream is 
recycled to another stage, the permeate pressure can assume any value less than 
or equal to the feed-side pressure. By introducing a slack variable S, these logic 
relations can be expressed as:
Note that if Z„p =  1, then Sn =  0 andpo,n =  Pout,' if =  0, then 0 <  Sn <  P —pout 
and pout < p0,„ <  P.
Po,n — ■S'n "b Pout» ^  — 1 > * * * > N (D.27)
0 < 5 n < ( P - p out) ( l - ^ p), n = l , (D.28)
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N on n egativ ity  and Integrality C onstrain ts
These constraints are used to specify lower and upper variable bounds to prevent 
undefined operations (e.g. division by zero) and to ensure the variables remain in 
a reasonable solution space. Proper selection of these bounds is very important for 
efficient solution of mixed-integer nonlinear models. These constraints are expressed 
as follows:
0 ^  UfQji, Uf,m Vo,nj Up i n ,  V p .T i ,  l /b ,7 T i ,7 i>  14>,m,nj Upt, Vpt < uu (D.29)
A n , N £ , R n , C n > 0 (D.30)
0 ^  *̂ f,n j  -^ 0 ,7 1 )  yO,m Vt.ni 2/r,n> Vj,ni * ^ r ,n < 1 (D.31)
0 — @ 0,n> To,7H  Tn? &r,ni &j,n < 1 (D.32)
>7Uf0 V U p  <7V p  r y l l b  <7 V b  <7 A  
7i 7 ^ n  7 71 7 n ,  Z r m n , Z r n>Jfc — 0,1 (D.33)
m =  1,• • -, JV; n =  1, • • •, JV; j  =  1, k =  l , - - - , K
D.2 List of Symbols
a dimensionless constant defined by equation (2.9)
A  membrane area for each stage (m2)
At total membrane area of system (m2)
B  permeability of the spacing materials inside the spiral-wound leaf (m2) 
b dimensionless constant defined by equation (2.9)
C  dimensionless constant defined by equation (2.4)
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C " permeate-side pressure parameter defined by equation (4.1) (MPa2s/mol)
d thickness of membrane skin (m)
dm thickness of membrane leaf (m)
fee annual capital charge (%/year)
fc p capital cost of gas-powered compressors ($/KW)
fh v sales gas gross heating value (MJ/m3)
fvah capital cost of membrane housing ($/m2 membrane)
fm r expense of membrane replacement ($/m 2 membrane)
frat maintenance rate (%/year)
fsg utility and sales gas price ($/Km3)
fw k working capital rate (%)
F annual process cost ($/Km3)
Fa; annual capital charge ($/year)
F fc fixed capital investment ($)
Fmr expense of membrane replacement ($/year)
F nt maintenance expense ($/year)
F Pi value of product losses ($/year)
Fut cost of utilities ($/year)
h dimensionless leaf length variable
K minimum number of binary variables for integer conversion
L membrane leaf length (m)
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M number of quadrature points for the integral / ( 7 , ŷ )
N permeator stage ntunber in configuration
N A number of membrane elements for each stage
iVAL lower bound of membrane element number
N AU upper bound of membrane element number
P feed-side pressure (MPa)
P permeate-side pressure (MPa)
Pout required output permeate pressure (MPa)
Po permeate outlet pressure for each permeator (MPa)
Q i permeability of the more permeable component (mol/m-s-Pa)
Q2 permeability of the less permeable component (mol/m-s-Pa)
R dimensionless permeation factor defined by equation (2.10)
ideal gas constant (m3-Pa/kg-mol-K)
S slack variable in logic constraints
tm membrane life (years)
twk annual working time (days/year)
T temperature (K)
u{ feed gas flow rate for each permeator (mol/s)
Um fresh feed flow rate for each permeator (mol/s)
Urn total fresh feed flow rate as processing capacity (mol/s)
U0 flow rate of residue gas at permeator outlet (mol/s)
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Ub flow rate of residue gas as recycle stream (mol/s)
Up flow rate of residue gas as product stream (mol/s)
Upt total flow rate on residue product (mol/s)
UL upper bound on stream flow rate (mol/s)
Uu lower bound on stream flow rate (mol/s)
Vo permeate flow rate at permeator outlet (moi/s)
Vb flow rate of permeate gas as recycle stream (mol/s)
Vp flow rate of permeate gas as product stream (mol/s)
Vpt total flow rate of permeate product (mol/s)
W  membrane leaf width (m)
Wcp compressor power (KW)
Wt total compressor power (KW)
wj quadrature weights
x local feed-side concentration (mole fraction)
xq bulk residue stream concentration at permeator outlet (mole fraction) 
X( feed concentration for each stage (mole fraction)
Xfo fresh feed concentration (mole fraction)
xout required C 0 2 concentration of residue product (mole fraction)
xpt C 02 concentration of residue product (mole fraction)
xr x along outlet end of membrane leaf (mole fraction)
yo bulk permeate stream concentration at permeate outlet (mole fraction)
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j/pt CO2 concentration of permeate product (mole fraction)
V on t required C 02 concentration of permeate product (mole fraction)
y7 local permeate concentration on the membrane surface (mole fraction)
t/f y7 along inlet end of membrane leaf (mole fraction)
y'j y7 at quadrature point j  (mole fraction)
y7 y' along outlet end of membrane leaf (mole fraction)
Z A binary variable used to express discrete membrane area
Z Ub binary variable denoting the existence or nonexistence of
Z um binary variable denoting the existence or nonexistence of Um
Z Up binary variable denoting the existence or nonexistence of Up
Z™ binary variable denoting the existence or nonexistence of Vb
Z Wp binary variable denoting the existence or nonexistence of Vp
ot =  Q 1/Q 2, membrane selectivity
7  =  p / P , ratio of permeate pressure to feed pressure
7 o =  Po/P,  ratio of permeate pressure to feed pressure at permeate outlet
p. viscosity of gas mixture (Pa-s)
0q =  Vo/Uf,  ratio of permeate flow to feed flow at permeate outlet
0  CH4 recovery (%)
£j quadrature points
4> dimensionless feed-side flow rate
dimensionless feed-side flow rate at residue outlet
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77cp compressor efficiency (%)
Subscripts
i index of quadrature points for leaf length variable h
j  index of quadrature points for integral function (2.18)
k index of binary variables in expression of discrete membrane area
m  index of membrane stages
n index of membrane stages
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A ppendix E  
Supplem ent to  Chapter 6
E .l Multicomponent MINLP Formulation 
Annual P rocess Cost
The approximate costing procedure presented by Spillman et ai [72] and Babcock 
et al. [5] is utilized. As in the binary case, the fixed capital investment (F(c) is only 
a function of total membrane area (At) and total compressor power (PFt):
N' W .
i7fc =  / tn h E A l +  /cp—  (E.l)
where At =  J2n=i An and N3 is the number of separation stages. The remaining 
parameters are defined in Appendix E.2. The total compressor power is taken as 
the summation of the fresh feed compressor power (M/cp,f) and the compressor power 
for each stage (WcPiTl):
Wt =  W ^ t +  £  ^cp.n (E.2)
71=1
where compressor power is calculated by assuming ideal gas behavior and isothermal 
compression [61]:
Wcp.f =  RsTUn o ln ( ^ )  (E.3)
182
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« V "  =  R J  ( j t  In . n =  l , •••,«•,  (E.4)
Here Vb,m,n is the permeate recycle stream from the n-th stage to m-th stage. Note 
that if the feed-side pressure for each stage is equal to the fresh feed pressure, the 
fresh feed compressor is eliminated and lTCp,f becomes zero.
The working capital is taken as a fixed percentage (/Wk) of the fixed capital, and 
the annual capital charge (Fee) is calculated by annualizing the fixed and working 
capitals:
Fee =  /cc(l +  /wk)Ffc (E.5)
The annual operating costs include membrane replacement expense (Fmr):
F«r =  7 =  E  4 .  (E.6 )
m n=l
maintenance expense (Fmt):
Fmt =  /mtFfc (E.7)
cost of utilities (Fut):
F ..  =
fh vV cp
and value of product losses (Fpi):
(E.8 )
f *  =  U U n V r J t e -  (E.9)
^Ptit
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The annual process cost (F )  is taken as the sum of the capital charge and operating 
expenses divided by process capacity, which is expressed as:
F  =  [Fee +  Fear +  Fmt  +  ^ut +  ^pl] / (Ĉ DÔ wk) (E .10)
M aterial B alance C onstraints
Material balance constraints are imposed on: (i) splitters for the initial feed stream 
and the outlet streams of each stage; (ii) mixers for the inlet streams of each stage 
and the inlet streams for the final products; and (Hi) each permeation stage. For 
an N  stage system, material balances on the splitters can be expressed as:
Um  =  EUto,n  (E .ll)
n=l
AT.
Uo,n = up,n +  £  CW, n =  I, • •• , Na (E.1 2 )
m=l
V,
K ),n  =  ^ p,n +  52 n  =  1 , • • • ,iVs (E.13)
m=l
where: C/foo is the total fresh feed flow rate; Ufotn is the fresh feed flow rate for stage 
n; £/0,n (Vo,n) is the total outlet residue (permeate) flow rate for stage n; C/P,n (V̂>,n) 
is the residue (permeate) flow rate of the final product from stage n; and £/b,m,n 
(Vb,m,n) is the residue (permeate) flow rate of the recycle stream from the n-th stage 
to m-th stage.
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For the stream mixers, both overall material balances and component balances 
are necessary. Material balances for the inlet mixer of stage n are written as:
iv.
Uf>n =  UfQ,n +  53 (^b,n,m  +  ^>,n,m) > n  =  1 , • • • ,  N s (E .1 4 )
m = l
Nm
Note that the recycle streams are taken from the m-th stage and terminate at the 
ri-th stage. Material balances for the product mixers are expressed as:
where Upt and x pt,i are the total flow rate and concentrations of the final residue 
product, and Vpt and ypt,t are the total flow rate and concentrations of the final 
permeate product. Material balances about each permeation stage yield:
n — !,••*, iVg, i — 2, • • •, Nc (E .1 5 )
=  E O p ,. (E.16)
n = l
Ns
=  ^  Ĉ p.n̂ O,n,i» * — 2, • ■ *, jVc (E .1 7 )
71=1
N a
v'pc =  E ^ . » (E.18)
71=1
Ns
VptVpt,i =  53 Vp,nyo,n,ii t =  2, • • • , Nc (E .1 9 )
Ui,n — U q,n +  Vo,n , 71 =  1, • • • , iVs (E .2 0 )
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P erm eator M odel C onstraints
The permeator model constraints are comprised of the approximate permeator 
model equations written for each stage. The approximate model is described in 
Chapter 3. Some of the equations are manipulated to facilitate computer implemen­
tation, and some of the notation is modified to accommodate the general MINLP 
formulation. The following equations are used to define parameters:
The permeate-side pressure distribution is obtained from (3.30) by using a single 
quadrature point at hi =  0.5,
The relations (3.19) and (3.21) between the local feed-side concentration x, and the
Cn =  C 'T W C ^ P 2), n = (E.22)
(E.23)
1̂ 0,n — Uf,n@0,ni ^  — 1> ' * ' > (E.24)
P 0 ,n  — P j 0 , n ,  Tl — 1» '  ‘ '  > -^ s (E.25)
(E.26)
local permeate-side concentration are needed for both feed and residue ends of
the permeator:
Q!»:cf,n,iS/f,n
i= l  1 -  7 n +  7nQ^yf,„
=  1, n =  1, • • •, Na (E.27)
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£ . QiXt̂ ' n . = 1 ,  n =  l ," - ,N s (E.28)
^ l - 7 n + 7 n Q i ^ , „
Xf.n.i =  inVunj +  (1 ~  7; )y/f̂ , i =  1 , . . . ,  iVc; n =  1, • • •, Na (E.29)
GiV^n
i =  1, • • •, ATci n =  1, • ■ •, N, (E.30)
“ tJ/U
The relation (3.33) for the dimensionless permeation factor is written as:
(1 7n)-Sn — Vf,n r̂,nyr,n (Vr,n Vf,n) <i>j,nwji U — 1, , Ns (E.31)
3=1
The dimensionless feed-side flow rates (f>j and <f>r and the local permeate concentra­
tion at the residue outlet t/Ti are determined by Runge-Kutta-Gill approximation of 
initial-value differential equations at each quadrature point y' and the residue outlet 
y The quadrature and outlet points are determined by the following equation:
Vj,n =  y't,n +  ZM,n ~ Vf,n), J =  +1; U =  1, • • •, Ns (E.32)
in which the last point (j =  M + 1) represents the residue outlet. The Runge-Kutta- 
Gill equations (3.34)-(3.38) are written as:
K l J , n  =  fi j,n  ’ I n )  (E.33)
K iJ ,n  =  8 j,n  ' HVi-^n  +  > ^ j - l , n  +  7n) (E.34)
^ 3 J , n  =  $ j ,n  ’ j Y j - l , n  +  +  ^ 2 ^ 2 J , n j  I n )  (E.35)
K *J ,n  =  6 j ,n  ■ F { y ' j - i , n  +  $ j ,n ,  5 j - l , n  +  A3K2ljin +  Jn) (E.36)
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where j  =  1, • • •, M  +  1; n =  1, • • •, iVs, and Y  and T  are defined as:
Y  =  [ln0, y'2, •••, y'Ne]T
The functions /#, / 2, •••, fxc represent the right-hand sides of (3.23) and (3.26), 
and xfi is the local permeate concentration of the i-th component. Note that Y  
and Ki~K± are vectors with Nc elements, while T  is a iVc-element vector function. 
Thus, Yj<n and K ij^ -K ^ n  are three-dimensional arrays. The vector function F  is 
derived from equations (3.23) and (3.26) by noting that =  Y* for i =  2, • • •, Nc
where Yi is the i-th element of the vector Y, and the parameters Ai and S, are 
defined by equations (3.24) and (3.25) for each component i:
(E.41)
(E.40)
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Note that the GAMS environment does not allow redefinition of functions inside the 
constraint definition. As a result, expressions (E.33)-(E.37) for the function T  need 
to be written explicitly. The initial conditions for Yj<n are:
*o,n =  [0, 2/f,n,2, • • •, . «  =  1, • • •, Ns (E.42)
and the interval S is chosen as the difference between yf at adjacent quadrature 
points:
sj,n =  Vj,n -  y'j-i,n. 3 =  1, • • •, M +  1; Jl =  1, • • •, iVs (E.43)
The local feed-side flow rates and <j>T and the local permeate concentration at
the residue outlet are calculated as:
(f>j<n =  exp (ijf,n,i), j  =  1, • * •, M; n =  1, • • •, N3 (E.44)
=  exp (lM+i,n,i). n =  1, • • ■, AT, (E.45)
y'r,n,i =  ^A/+l,n,i» n =  1, • • •, Na; i =  2, • • •, Nc (E.46)
The flow rate and concentration of the effluent permeate stream from each stage are 
given by (3.53) and (3.54):
@Q,n =  1 ,n» ^ =  lj * * '»A/"s (E.47)
-̂ r,n,t0r,n , a t  ■ n  a t  / t ayo,n,i =   r — 7 , n  =  1, • • •, N a; i =  2, • • • , iVc (E.48)
‘Pr.n
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The flow rate and concentration of the effluent residue stream are determined by 
overall material balance equations.
C om p osition  Sum  Constraints
These constraints force the sum of component mole fractions to be unity:
Nc
^  xf,n,i 1 , n = • • •  Ncj j a (E .49 )
i=l
Nc
1 , n  = • • •  N aJ > ■‘’s (E .50 )
t'=l
Nc
5 3  Xr*n>» 1 , n  = • •• N .» 1 ■‘■'S (E .51)
i= l
Nc
S  r̂,n,t 1 , n = •••  N . (E .52)
i= 1 
Ne
X°>"•* 1 , n = • • •  iVo1 J •* ’S (E .53)
i=l
Nc
^  ' V0,n,i 1 , n = • • •  Nc> ? s (E .54)
i=l
N c .




= 1 , n = • • •  N.J J l y S (E .56)
O perating R equirem ent C onstraints
Constraints are imposed to ensure the product streams satisfy the separation re­
quirements. In acid gas separations from natural gas mixtures, minimum purity 
requirements are placed on the CO2 concentration in the final residue product and 
the CH4 concentration in the permeate product stream. In addition, a constraint 
which expresses that the permeate pressure for each stage must be at least as high
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as the pressure of the final permeate stream is required. These constraints are 
expressed as:
Xpt,co2 — 3'out,co2 (E.57)
yPt,cH4 <  yout,ca, (E.58)
Po,n ^  Pout (E.o9)
Depending on the application, some of the constraints may be relaxed. As in binary 
case, only (E.57) and (E.59) are required for natural gas treatment.
Logic C onstraints
The first type of logic constraint forces the flow rate to be zero if the associated 
connection is not utilized (Z  =  0). If the connection is utilized (Z  =  1), the 
corresponding constraint is relaxed to allow the flow rate to assume any value up 
to an upper bound (Uv). These logic relations for the feed, product, and recycle 
streams are expressed as follows:
U f o , n - U UZ ^ < 0, n =  1, • - , N a (E.60)
u p,n -  u v z ^ < 0, n =  1, • ■ - , N S (E.61)
v p,n -  u u z ? < 0, n =  1, • . .  A/-J  iVg (E.62)
U b,m ,n ~  U " Z % n < 0, m  =  1, • • *, iVs; n =  1, • • •, N s (E.63)
Vb,m,n -  u v z % n < 0, 771 =  1, •' •, Na; n =  1, • • •, iV8 (E.64)
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The second type of logic constraint forces the binary variable to be zero if the asso­
ciated flow rate becomes zero. If the connection is utilized, the corresponding flow 
rate can assume any value greater than a lower bound ( IP*) .  These logic relations 
are expressed as:
t w  -  u lz r > 0, n  =  1,• • -,iVs (E.65)
C7p,n -  U‘Z ? > 0, n  =  1, • • -,N S (E.66)
vp,n -  u ^ z i- > 0, n  =  1, • •■,NS (E.67)
Uh,m,n -  IPZSL > 0, m  =  1, • • •, Na; n =  1, • • •, Ns (E.68)
V W  -  U‘Z ^ > 0, 771= 1, •
r-HIIei? (E.69)
The final type of logic constraint is associated with the outlet permeate pressure 
for each stage. If the outlet permeate stream goes to final product stream mixer,
the permeate pressure must equal the product pressure. If the permeate stream is
recycled to another stage, the permeate pressure can assume any value less than 
or equal to the upper limit of the feed-side pressure P u. By introducing a slack 
variable S ,  these logic relations can be expressed as:
Po,n =  § n  ■+■ Poutj 7* =  l j ' ‘ ' i -^s (E .7 0 )
o < S n < (Pu -  pout)( 1 -  Z l » ) ,  n  =  1 , .  • • ,  N s ( E .7 1 )
Note that if =  1, p 0,n =  Pout; if =  0, p out <  Po,n <  P v-
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D iscrete  M em brane A rea C onstraints
Membrane area can be considered as a discrete variable:
An =  AqN a, n =  l , ' " , N s (E.72)
where Aq is the element membrane area size and N A (NAL <  N A <  N AU) is the 
number of elements. One way to convert the integer variables N A to binary variables
Z A is to use the following expression [28]:
N i  =  N ?  +  J 2  2 * " ' ^ ,  n =  ! , ••• ,  AT. (E.73)
k=l
where iVb is the minimum number of binary variable needed:
In the following case studies, we choose N AL =  1 and N AU =  15 to 30, which yield 
iVb =  4 or 5.
N onnegativ ity  and Integrality C onstraints
These constraints are used to specify lower and upper variable bounds to prevent
(E.74)
undefined operations (e.g. division by zero) and to ensure the variables remain in a
reasonable solution space. These constraints are expressed as follows:
R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
194
An, N*, Rn, Cn, P, pn, yr,„, y 'n >  0  (E .76)
0  £  x f,n,ii x O,n,ii yo,n,ti Vf,n,v Vj,n,i> 2/r,n,i) a'r,n,»j x pt,u ypt,* ^  1 (E .77)
0  ^  ^0,n» TO,n> Tn> ^r,n> 0j,n  £  1 (E .7 8 )
Z ™ , Z ? , Z Z * , Z ™ n , Z ™ n , Z ^  =  0 , 1  (E .7 9 )
m =  1, • • •, Ns; n =  1, • • •, N8; j  =  1, • • •, M;
i =  l , - - , N ci k =  1,• • • ,JVb
E.2 List of Symbols
A i  dimensionless constant defined by equation (3.24)
A  membrane area for each stage (m2)
A t total membrane area of system (m2)
B  permeability of the spacing material inside the spiral-wound leaf (m2)
Bi dimensionless constant defined by equation (3.25)
C  dimensionless constant defined by equation (3.13)
C" permeate-side pressure parameter defined by equation (4.1) (MPa2s/mol)
d thickness of membrane skin (m)
djn thickness of membrane leaf (m)
f cc annual capital charge (%/year)
/ cp capital cost of gas-powered compressors ($/KW)
/hv sales gas gross heating value (MJ/m3)
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fm h capital cost of membrane housing ($/m2 membrane)
fm r expense of membrane replacement ($/m2 membrane)
fm t maintenance rate (%/year)
/sg utility and sales gas price ($/Km3)
/wk working capital rate (%)
F annual process cost ($/Km3)
Fee annual capital charge ($/year)
Ffe fixed capital investment ($)
Fmr expense of membrane replacement ($/year)
F mt maintenance expense ($/year)
F* value of product losses ($/year)
Fut cost of utilities ($/year)
T vector function expressed in (E.38)
h dimensionless leaf length variable
K i-K< intermediate vector variables for Runge-Kutta-Gill expression
L membrane leaf length (m)
M number of quadrature points
Nb minimum number of binary variables for integer conversion
Nc number of components for gas mixtures
Ns permeator stage number in configuration
N A number of membrane elements for each stage
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N AL lower bound of membrane element number
N AV upper bound of membrane element number
P feed-side pressure (MPa)
Pt fresh feed pressure (MPa)
pu upper bound of feed-side pressure (MPa)
p permeate-side pressure (MPa)
Pout required outlet permeate pressure (MPa)
Po permeate outlet pressure for each permeator (MPa)
Qi permeability of the i-th component (mol/m-s-Pa)
Qb permeability of the base component (mol/m-s-Pa)
R dimensionless permeation factor defined by equation (3.28)
ideal gas constant (m3-Pa/kg-mol-K)
s slack variable in logic constraints
tm membrane life (years)
twk annual working time (days/year)
T temperature (K)
uf feed flow rate for each permeator (mol/s)
um fresh feed flow rate for each permeator (mol/s)
UfQO total fresh feed flow rate as processing capacity (mol/s)
u0 flow rate of residue gas at permeator outlet (mol/s)
Ub flow rate of residue gas as recycle stream (mol/s)
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Up flow rate of residue gas as product stream (mol/s)
Upt total flow rate of residue product (mol/s)
UL upper bound on stream flow rate (mol/s)
u v lower bound on stream flow rate (mol/s)
Vo permeate flow rate at permeator outlet (mol/s)
v b flow rate of permeate gas as recycle stream (mol/s)
Vp flow rate of permeate gas as product stream (mol/s)
V* total flow rate of permeate product (mol/s)
w membrane leaf width (m)
Wcp stage compressor power (KW)
w w fresh feed compressor power (KW)
w t total compressor power (KW)
W j quadrature weights
X local feed-side concentration (mole fraction)
X q bulk residue stream concentration at permeator outlet (mole fraction)
X { feed concentration for each stage (mole fraction)
X fo fresh feed concentration (mole fraction)
%O U t,C 02 maximum CO2 concentration of residue product (mole fraction)
Xpt concentration of residue product (mole fraction)
X T local outlet residue concentration (mole fraction)
Y vector expressed in (E.38)
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7/o bulk permeate concentration at permeate outlet (mole fraction)
2/pt concentration of permeate product (mole fraction)
2/out,c h 4 maximum CH4 concentration of permeate product (mole fraction)
7/  local permeate concentration on the membrane surface (mole fraction) 
j/f y* along inlet end of membrane leaf (mole fraction)
y'j yt at quadrature point j  (mole fraction)
]/T y1 along outlet end of membrane leaf (mole fraction)
yf composition variable defined by equation (3.17)
j/f y' value at the feed inlet
ŷ  y' value at the residue outlet
y- y' value at the j -th quadrature point
Z A binary variable used to express discrete membrane area
ZUb binary variable denoting the existence or nonexistence of Ub
Z v{0 binary variable denoting the existence or nonexistence of 11®
Z Vp binary variable denoting the existence or nonexistence of Up
ZVb binary variable denoting the existence or nonexistence of 14
Z^p binary variable denoting the existence or nonexistence of Vp
&i =  Qi/Qb, membrane selectivity for the 7-th component
7  = p / P ,  ratio of permeate pressure to feed pressure
7o =  Po/P, ratio of permeate pressure to feed pressure at permeate outlet
fj. viscosity of gas mixture (Pa-s)
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00 =  Vo/Uf, ratio of permeate flow to feed flow at permeate outlet
9  CH4 recovery (%)
£j quadrature points
4> dimensionless feed-side flow rate
<f>r dimensionless feed-side flow rate at residue outlet
J7cp compressor efficiency (%)
Subscripts
1 index of components in gas mixture
j  index of quadrature points for the summation  term in equation (3.33)
k index of binary variables in expression of discrete membrane area 
index of components in gas mixture 
m, n index of membrane stages
q index of quadrature points for leaf length variable h
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